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ABSTRACT. This document is a supplementary material for the Bilevel Optimization LIBrary of test
problems (BOLIB—for short), which contains a collection of test problems to help support the devel-
opment of numerical solvers for bilevel optimization. It contains the mathematical formulas of all the
problems in BOLIB together with some useful information on the corresponding solutions.
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The examples presented in this document are for a bilevel optimization problem of the form
min F(x,y)
s.t. G(x,y) <0,
y € S(x) = argrrgn {fix,y) : glx,y) <0}
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(P)

where the functions G : R™ x R™ — R"G and g : R™ x R™ — R™s describe the upper-level and
lower-level constraints, respectively. On the other hand, F : R™ x R™ — R (resp. f : R™ xR™ — R)
denotes the upper-level (resp. lower-level) objective function. The set-valued map S : R™ — R™
represents the optimal solution set-valued mapping of the lower-level problem. Below, we provide
formulas of the functions F, G, f, and g involved in problem (P) for all examples included in the
BOLIB Version 2 library, together with true or best known values of the solutions, and some useful

background information in some cases.

1. NONLINEAR BILEVEL EXAMPLES

Problem name: AiyoshiShimizul984Ex2
Source: [1]
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2 BILEVEL OPTIMIZATION TEST EXAMPLES

Description: AiyoshiShimizul984Ex?2 is defined as follows

F(x,y) = 2x71+ 2x2 —3y; — 3y, — 60
[ %1 +x2 +y1 — 2y —40
G(x,y) := x — 50,
—x
f(x,y) = (Y1 —x1 +20)%+ (y2 — x2 + 20)?
i 2y —x+10;
glx,y) = —y—10;
i y—20;

Comment: Here, we write 50, := (50,50) ". Similar rule is applied into 10, 20, and the con-
text in the whole manuscript. The global optimal solution of the problem is (25, 30,5, 10)
according to [1]. A local optimal one is (0,0, —10,—10) by [28].

Problem name: AllendeSti112013
Source: [2]
Description: AllendeStill2013 is defined as follows

F(x,y) = x_%—2x1+x%—2xz+y%+y§
—X
G(X>U) = -y
_X1—2
flx,y) = g%—2my12+y§—2><zyz
_ | g1 —=17-0.25
9oy) =y, — 12— 0.5

Comment: The global optimal solution from [2] is (0.5,0.5,0.5,0.5).

Problem name: AnEtal2009
Source: [3]
Description: AnEtal2009 is defined as follows

F(X)U) = %(XT)UT)H(XT)HT)T+C?—X+C;y
—X
G(X>U) = -y
Ax+By+d
fx,y) = y' Px+3y"Qu+q'y

glx,y) = Dx+Ey+b
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with H, ¢, c2, A, B, d, P, Q, q, D, E, and b, respectively defined as follows
-38 44 1.2 =22

Lo | 44 —22 06 18 [ 935.74474 1219619 ]
=1 12 06 00 04 |> 97| 8753654 |° €2:= | 299.24825

—22 1.8 04 0.0 )

A | 0:00000  3.88889 ] B [ 4.88889 7.44444} 4o | 6157778 ]
—2.00000 8.77778 |° = | =5.11111 0.88889 |° = | —0.80000

b._ [ —17.85000  6.57500 ] 0 [ 21.10204  11.81633 } [ —18.21053 ]
= | 30.32500 30.32500 |° = S501111 —14.44898 |° 97| 13.05263
5.00000  7.44444 3.88889  1.77778 [ 39.62222

O._ | 833333 3.00000 C._ | 688889 611111 b | —60.00000
= | —8.66667 —8.55556 | = | =5.33333 —7.00000 |> °° 72.37778
6.44444 —511111 1.44444  4.44444 —17.28889

Comment: (0.200001,1.999997,3.999998,4.600005) is the global optimal solution of the
problem; cf. [3].

Problem name: Bard1988Ex1

Source: [4]
Description: Bard1988Ex]1 is defined as follows
Fix,y) = (x—=5)2+2y+1)?
G(X>y) = —X
fx,y) = (y—1)%—1.5xy
—3x+y+3
n x—0.5y—4
glx,y) = x+y—7
-y

Comment: (1,0) is the global optimum and (5, 2) is a local optimal point.

Problem name: Bardl1988Ex2
Source: [4]
Description: Bard1988Ex2 is defined as follows

Fix,y) = (200 —y1 —y3)(y1 +y3) + (160 —y2 — ya)(y2 + y4)
X1 +x2 +x3 + x4 —40

G(x,y) = —[10,5,15,20] T +x
i —x

f,y) = (Y =42+ (Y2 —13)7 + (y3 —35)7 + (ys — 2)*

O.4y1 + 0.792 — X1
0.6y1 + 0.3y2 — x2
L O.4y3 + O.7y4 — X3
9xy) = 0.6y3 + 0.3ys — x4
—[20,20,40,40] T +y

-y

Comment: This version of the problem is taken from [11]. The original one in [4] has two
lower-level problem. The upper-and lower-level optimal value are respectively obtained
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as —6600.00 and 57.48 in the former paper. However, the global upper-and lower-level
optimal value should be —6600.00 and 54 according to [4].

Problem name: Bardl1988Ex3
Source: [4]
Description: Bard1 988Ex3 is defined as follows

F(x,y) := _X%z_ 3x2 — 4y1 + Y3
G(x,y) = [x1+2xz—_i]
fix,y) = 2x%+y%—5y2
—X%+2X1 —x§+2y1 —y2—3
glx,y) = —x2 —3y1 +4yr +4

-y
Comment: The global upper-and lower-level optimal objective value are respectively obtained

as —12.68 and —1.02 in the paper [S].

Problem name: Bardl1991Ex1
Source: [5]
Description: Bard1991ExI1 is defined as follows

Fix,y) = x+y2

Glx,y) = [_zfﬂ
fx,y) = 2yr+xyz

glx,y) = [x—m—yz:j}

Comment: The global optimal solution of the problem is (2, 6,0); cf. [5].

Problem name: BardBook1998
Source: [0]
Description: BardBook1998 is defined as follows

Fix,y) = (y1—x1+20)2+ (y2 — x2 + 20)?
x — 50
I
f(x,y) = 2x1+2x; —3y; — 3y, — 60
x1+x2+yy — 2y, —40
. Zy—X-f—]Oz
9(X>y) L y_zoz
—y—10;

Comment: The global optimal solution is (25,30, 5,10).

Problem name: CalamaiVicentel994a
Source: [7]
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Description: CalamaiVicente1994a is defined as follows

F(x,y) = %(x—1)2+ Ty?

fx,y) = ;y—xy
x—y—1

gxy) = | —x—y+1
X+y—p

Comment: Itis assumed in [7] that the parameter p > 1. We consider the following scenarios
studied in the latter reference:
(i) For p =1, the point (1, 0) is global optimum of the problem.
(ii) For 1 < p < 2, the point %(1 +p,—1+p) is a global optimal solution, while %(1, 1)
is a local optimal solution of the problem.
(iii) For p = 2, the points %(1, 1) and %(3, 1) are global optimal solution.
(iv) For p > 2, the point %(1 , 1) is global optimum of the problem.

Problem name: CalamaiVicentel994b

Source: [7]
Description: CalamaiVicente1994b is defined as follows

Fx,y) = %;?:1 (Xi_])2+212:1 yi
fx,y) = > i (% 7 —Xyq
x—y—12
. —X—y-i-]z
gy xi+yr — 1.5
x1+y2—3

Comment: The global optimal solution is (1.25,0.5,1,1,0.25,0.5) with upper-and lower-
level optimal objective value being 0.3125 and —0.4063.

Problem name: CalamaiVicentel994c

Source: [7]
Description: CalamaiVicente1994c is defined as follows

F(x,y) := %XTAX + %yTBy +a’x+2
sy By +x'Cy
gx,y) = Dx+Ey+d

s}

®

=
I
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with A, B, a, B and C respectively as follows

197.2 324 —129.6 —43.2 —8.56
A | 324 1108 432 -144 B._[mo 0 ] we | 952
T | —129.6 —432 3028 324 | " | 0 100 |’ "7 | —9.92
432 —14.4 324 289.2 —16.64
i [ 1324 1.08 —4.32 —1.44
[ —1324 —10.8 1.08 1036 —1.44 —0.48
c._ | —108 -—1036 D | 1324 108 432 —1d4x
: 43.2 144 |0 7 1.08 1036 —1.44 —0.48
14.4 4.8 —13.24 —1.08 +4.32 +1.44
i —1.08 —10.36 +1.44 +0.48
[ —10 0] [ 1 ] i
0 —10 —1
10 0 -15
E=1 0 1|47 3
—10 0 1
0 —10 1

Comment: According to [7], the problem has a unique global optimal solution
(0.13085, 0.05195, 0.1022, 0.0674, 0.025, 0.05)

with the corresponding upper-level and lower-level objective function values being 0.3125
and —0.4063..

Problem name: CalveteGalel999P1
Source: [9]
Description: CalveteGale1999P1 is defined as follows

Fx,y) = —8x1—4x2+y1 —40y; —4y3
G(X>U) = X

1 2y —
flx,y) = +Xx1+x2+2Yy1 —yz2 + Y3

6+ 2x1 +y1 +y2 —3y3
-y
—y1+y2+ysz—1
2 —y1 + 2y — Jyz — 1
2x;+2y1 —y2—7y3 — 1

Comment: The global optimal value of the upper-level objective function is —29.2 and can
be achieved at (0.0, 0.9,0.0,0.6,0.4), for example; cf. [23].

Problem name: ClarkWesterbergl990a
Source: [10]
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Description: ClarkWesterberg1990a is defined as follows

Fixy) = (x—3)+(y—2)?
—38
Gloy) = |~ 7
fix,y) = (y—>5)72
—2x+y—1
glx,y) = Xx—2y+2
| x+2y—14

Comment: The global optimal solution of the problem is (1.0, 3.0); cf. [47].

Problem name: Colson2002BIPAlL
Source: [11]
Description: Colson2002BIPA1 is defined as follows

Foy) == (10—x) + (10 —y)3
[ x—5
G(x,y) := —X+y
i —X
fix,y) = (zc+2y—15)4
x+y—20
glx,y) = y—20
L -y

Comment: A global optimal solution is (5,5).

Problem name: Colson2002BIPA2
Source: [11]
Description: Colson2002BIPA2 is defined as follows

Fix,y) = (x—5)2+2y+1)?
G(x,y) = —x
f(x,y) = (y—172—15xy+x3
—3x+y+3
o x—0.5y —4
Q(X)U) A X+y_7
-y

Comment: The best known solution is (1, 0); cf. [8].

Problem name: Colson2002BIPA3
Source: [11]
Description: Colson2002BIPA3 is defined as follows

Fix,y) = (x—=5*%+2y+1)?*
+y—4
e
fx,y) = exp(—x+1y)+x* +2xy +y? + 2x + 6y
xy) = [—X—i—g—Z]
g(xy) : .

Comment: The best known solution is (4, 0); cf. [8].
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Problem name: Colson2002BIPA4
Source: [11]
Description: Colson2002BIPA4 as defined as follows

Fix,y) = x*+(y—10)?

Glx,y) = [x+2y—_)6(}

flx,y) = ¥ +2y3+x—-2y—%?
glx,y) = { Ty :j }

Comment: The best known solution is (0, 0.6039); cf. [8].

Problem name: Colson2002BIPAS
Source: [11]
Description: Colson2002BIPAS is defined as follows

Fx,y) = (x—y2)*+ 1 =1+ (y1 —y2)?
G(X>y) = X
f(x,y) = 2x+expy; +y%+4y1 +Zy%—6yz

6% —i—y% +expyz— 15
5x +yi —y2— 25
9(X7y) T _[4)2]T +y
-y
Comment: The best known solution is (1.94,0, 1.21); cf. [8].
Problem name: Dempel1992a

Source: [12]
Description: Dempe1992a is defined as follows

F(X,y) = Y2
G(x,y) = x% +(x2+1)2 =1
fxy) = 3y =12+ 3y
+Yox1 +x
g9(x,y) I[ Y1 —Yz2xq 2
Y1
Comment: One possible solution is (0,0, 0, —0.5).
Problem name: Dempel1992b
Source: [12]
Description: Dempe1992b is defined as follows
Fix,y) = (x—3.5)2+(y+4)?
fx,y) = (y—3)°
glxy) = yr—x

Comment: The global upper-and lower-level optimal values are respectively obtained as 31.25
and 4.00 in the paper [&].

Problem name: DempeDutta2012Ex24
Source: [14]
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Description: DempeDutta2012Ex24 is defined as follows

Fix,y) = (x—1)72+y?
f(X>U) = Xzy
glx,y) = y?

Comment: The global optimal solution of the problem is (1,0); cf. [14].

Problem name: DempeDutta2012Ex31
Source: [14]
Description: DempeDutta2012Ex31 is defined as follows

Fix,y) = —y2
—X
Glx,y) = Y1yz
—Yi1yz
fx,y) = yi+(y2+1)?

(Y1 —x1)2+ (g2 —x1 — 1) =1

(Y1 +x2)2 + (y2—x2—1)2 =1

Comment: The point (0.71,0.71,0,1) is global optimal solution of the problem provided in
[14, 42].

Problem name: DempeEtal2012
Source: [15]
Description: DempeEtal2012 is defined as follows

Fix,y) = x
Glx,y) = [l?}
fix,y) = xy

9xy) = [y:¥}

Comment: The global optimal solution is (—1,1); cf. [15].

Problem name: DempeFranke2011Ex41
Source: [16]
Description: DempeFranke2011Ex41 is defined as follows

Fix,y) = x1+yi+y}
—1 — X1
—1+x
Gooy) = | ;)
T4+x;
fx,y) = x'y
—2y1 + Y2
-2
glxy) = wim
y2—2

Comment: The global optimal solution is (0, —1,1,2); cf. [16].
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Problem name: DempeFranke2011Ex42
Source: [16]
Description: DempeFranke2011Ex42 is defined as follows

F(x,y) = x_1+(y1—1)2+y§
—1—X1
L —1 4%
Ghoy) = | _y_,,
14+ %
fx,y) = x'y
—y1+yz—1
g, y) == | y1+y2—35
| y2—2

Comment: The global optimal solution is (1,—1,0,1); cf. [16].

Problem name: DempeFranke2014Ex38
Source: [17]
Description: DempeFranke2014Ex38 is defined as follows

Fix,y) == Zxy+x+2y1—y2
—1 — X
—14+x
G(x,y) = _1_X;
x2 +0.75
f(x)y) = Xjry
—2y1 + 12
-2
g(x,y) = y1_y2
y2—2

Comment: The global optimal solution is (—1,—1,2,2); cf. [17].

Problem name: Dempelohse2011Ex31a
Source: [18]
Description: DempeLohse2011Ex31a is defined as follows

Fix,y) = (x1— 0.5)2 + (x; — 0.5)% — 3y —3y2
fx,y) = xy1 +x2
yr+ty2—2
glx,y) = —Y1+ Y2
-y

Comment: Authors in [ 18] claimed the point (0.5, 0.5, 1, 1) is the unique global optimal solu-
tion to this problem, which actually is not correct since solution set of the lower level prob-
lem is {(0, 0)} when x = (0.5, 0.5); The true unique global solution should be (0,0, 1,1).

Problem name: Dempelohse2011Ex31b
Source: [18]
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Description: DempeLohse2011Ex31b is defined as follows

Fix,y) = (x1—0.5)?+ (x2—0.5)2 + x% —3y1 —3yz — 6y3
fx,y) = x1y1 +x2y2 +x3Y3
Y1 +y2+yz—2
glx,y) = —Y1 + Y2
-y

Comment: The point (0.5,0.5,0,1,1,0) is a local optimal solution of the problem according
to [18]. While a suggested global optimal solution is (0.5, 0.5,0,0,0, 2).

Problem name: DeSilval978
Source: [19]
Description: DeSilval978 is defined as follows

F(x,y) = x$—2x1+x%—2xz+y%+y%
fx,y) = (U —x1)2+ (y2—x2)?

—y + (0.5
vyl = | VS ]

Comment: The global optimal upper-and lower-level values obtained in [8] are —1.00 and
0.00, respectively. Corresponding global optimal solution is (0.5,0.5,0.5,0.5).

Problem name: FalkLiul995
Source: [20]
Description: FalkLiul995 is defined as follows

F(x,y) = x%—3x1+x§—3xz +y%+y%
f(x,y) = (y1—x1)*+ (Y2 —x2)?

— | —y+(0.5);
vyl = | YT

Comment: The optimal solution is (v/3/2,v/3/2,+/3/2,/3/2) according to [20].

Problem name: FloudasEtal2013
Source: [21]
Description: FloudasEtal2013 is defined as follows

F(x,y) = 2x71+ 2x2 —3y; — 3y, — 60
—X
Ghoy) = 1 s,
f(x,y) = (y1—x1+20)%+ (y2 —x2 +20)?
X1 +x2+y1 — 2y, —40
._ 2y —x+10;
gxy) = Ly 10,
y —20;

Comment: The global optimal solution of the problem is (0,0, —10,—10); [52].

Problem name: FloudasZlobec1998
Source: [22]
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Description: FloudasZlobec1998 is defined as follows

Fix,y) = Xyi+yz
x—1
G(X)y) = —x
fx,y) = —y ]
—y1— 1
yr—1
gxy) = 2100
xy; — 10
i y%+xy2—1 ]

Comment: Notice that explicit bounds on the variable y were added. This is same as [39].
The global optimal solution is (1,0, 1) according to [23, 39].

Problem name: GumusFloudas2001Ex1
Source: [23]
Description: GumusFloudas2001Ex1 is defined as follows

F(x,y) = 16x%+ 9y?
i —X
G(x,y) = x—12.5
| —4x+y
fx,y) = (x+y—20)*
-y
glx,y) = y—>50
| 4x+y—50

Comment: The global optimal solution of the problem is (11.25,5); cf. [39].

Problem name: GumusFloudas2001Ex3
Source: [23]
Description: GumusFloudas2001Ex3 is defined as follows

F(x,y) = —8x3—4x; +y; —40y, —4y;3
—X
6y = | |
flx,y) = T4+x1+%x2+2y1 —y2+y3
e 6+ 2x1 +y1 +y2 —3y3
-y
y—23
glx,y) = Y1 +y2+ys;—1

2 —y1 + 2y — Jy; — 1
2x2 +2y1 —y2 —5y3 — 1

Comment: The global optimal solution of the problem is (0, 0.9,0,0.6,0.4); cf. [39].

Problem name: GumusFloudas2001Ex4
Source: [23]
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Description: GumusFloudas2001Ex4 is defined as follows

Fixy) = (x—3)+(y—2)?
—X
x—38
G(x,y) = —2x+y—1
x—2y+2
| x+2y—14
fixy) = (y—>5)7°
9y) = | 7

Comment: The global optimal solution of the problem is (3,5); cf. [39].

Problem name: GumusFloudas2001Ex5
Source: [23]
Description: GumusFloudas2001Ex5 is defined as follows

Fix,y) = x
—x + 0.1
6ty = | 5 ]
fix,y) = —uy +0.5864y?'67
—y + (0.1);
y—10;
glx,y) = 0.0332333 4 () Ty, — 1

Y2
4 ST 2X L +0.0332333x 13 — 1

Comment: The global optimal solutlon is (0.193616, 9.9667667,10); cf. [39].

Problem name: HatzEtal2013
Source: [24]
Description: HatzEtal2013 is defined as follows

Fix,y) = —x+2yi+y;
fx,y) == (x—y1)>+y3
gxy) = —y

Comment: The global optimal solution of the problem is (0, 0, 0); cf. [24].

Problem name: HendersonQuandt1958
Source: [25]
Description: HendersonQuandt1958 is defined as follows

F(x,y) = lxz—I—%xy—‘?Sx
Glhxy) = x — 200

yy) = .
fx,y) = y?+(3x—100)y
g(x,y) = —y

Comment: The best known solution from [27] is (93.33333, 26.667).

Problem name: HenrionSurowiec2011
Source: [26]

13
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Description: HenrionSurowiec2011 is defined as follows
Fix,y) = x*+cy
f(x,y) = 0.5y —xy

Comment: Here, c is a real-valued parameter. The global optimal solution of the problem is
—0.5¢(1,1); cf. [26].

Problem name: TshizukaRAiyoshil992a
Source: [28]
Description: IshizukaAiyoshil992a is defined as follows

F(X7y) = Xy%
Gx,y) = —~x—M
f(x,y) =
—X
—X—1Y
glx,y) = Y1 —x
M-y —y2
yt+y2—M

Comment: Here, M is assumed to be an arbitrarily large number such that M > 1. From
[28], (x*,—M, 0) is the global optimal solution where x* € [0, M].

Problem name: KleniatiAdjiman2014Ex3
Source: [29]
Description: KleniatiAdjiman2014Ex3 is defined as follows

F(X) y) = XYy
—x — 1
Gxy) = | X1 ]
f(x,y) = 0.5xy? —xy?
_ |y
axy) = | I
Comment: (0, 1) is the global optimal solution of the problem according to [29, 47].

Problem name: KleniatiAdjiman2014Ex4
Source: [29]
Description: KleniatiAdjiman2014Ex4 is defined as follows

Fix,y) = *Z?:] (Xj2+yj2>

Y1y2 — X1

X2yi

G(x,y) := X1 —expx2 + Y3

—X—15

i X—15

f(x,y) = yi+ydx1 +yixa+ 0.1ys + (yf + y2)xsxaxs

x1—y§—0.2
glx,y) = —y—1s
| y—1Is

Comment: (1.0,—(1.0)o) is the best known solution of the problem according to [29, 47].
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Problem name: LamparielloSagratella2017Ex23
Source: [30]
Description: LamparielloSagratella2017Ex23 is defined as follows

Flx,y) = x
Gxyl = | X1 ]
f(x,y) = (x—3y1)2+(yz+1)2
glx,y) = | 1792
—Y2

Comment: The global optimal solution is (—1,—1,0); cf. [30].

Problem name: LamparielloSagratella2017Ex31
Source: [31]
Description: LamparielloSagratella2017Ex31 is defined as follows

Fix,y) = x2+y2
G(x,y) = —x+1
f(XJJ) =

glx,y) = —x—y+1

Comment: The global optimal solution is (1,0); cf. [31].

Problem name: LamparielloSagratella2017Ex32
Source: [31]
Description: LamparielloSagratella2017Ex32 is defined as follows

Fix,y) = x24+y?
f(x,y) = (x+y—1)

Comment: The global optimal solution is (0.5,0.5); cf. [31].
Problem name: LamparielloSagratella2017Ex33

Source: [31]
Description: LamparielloSagratella2017Ex33 is defined as follows

Fix,y) = x*+(y1 +y2)?

G(x,y) = —x+0.5

fx,y) = vy
—X—y;—yz2+1

glx,y) = B yz_y

Comment: The global optimal solution is (0.5,0,0.5); cf. [31].

Problem name: LamparielloSagratella2017Ex35
Source: [31]
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Description: LamparielloSagratella2017Ex35 is defined as follows

F(X)U) = 7E2+yz
_1—
Glx,y) = X_’f
f(X»U) = ;_y
2x+y—2
g(x,y) = -y
i y—1

Comment: The global optimal solution is (%, %); cf. [31].

Problem name: LucchettiEtall987
Source: [33]
Description: LucchettiEtal1987 is defined as follows

F(x,y) = 0.5(1 —x)+xy

G(x,y) = [X__H
flx,y) = (x—1)y

o -y
glxy) = {y—1]

Comment: The global optimal solution of the problem is (1,0); cf. [33].

Problem name: LuDebSinha2016a
Source: [34]
Description: LuDebSinha2016a is defined as follows

0.4 5
Foy) = 2—exp {— (22708) ]—O.8exp [_ (01590§4+”
—X
x—1
G(X)y) = _y
y—2
0.4 2
fxy) = 2—exp [— (%) ]—O.Sexp [_ (%”

Comment: (0.2,1.4) is the best known solution for the problem; [34].

Problem name: LuDebSinha2016b

Source: [34]
Description: LuDebSinha2016b is defined as follows

Fx,y) = (x—0.5)2+(y—1)?
—X
L x—1
Glx,y) = _y
y—2
fix,y) = 2—exp {_ (%%)0'4} —0.8exp [_ (&%)2]

Comment: (0.5, 1) is the best known solution for the problem; [34].
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Problem name: LuDebSinha2016¢c
Source: [34]
Description: LuDebSinha2016c is defined as follows

0.4 2
Fxy) == 2—exp [— (%) ]—O.Sexp [— (@Jogﬁ)}
—X
x—1
G(X)y) = _y
y—2
flx,y) == (x—05)"+ (y—1)

Comment: (0.26, 1) is the best known possible solution for the problem; [34].

Problem name: LuDebSinha2016d
Source: [34]
Description: LuDebSinha2016d is defined as follows

F(X) y) = X2

glx,y) = —100 — x,

fx,y) = —y2

_|_
glxy) = —yp +12.5
8

Comment: Solutions are unknown. A possible solution is (10, 192,10, 192).

Problem name: L.uDebSinha2016e
Source: [34]
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Description: LuDebSinha2016e is defined as follows

F(X,y) — (yQ) X0.22'5)2
2—x |
—3+x
G(X,U) = _1g+3:
—100—y2
—200+y2 |
fx,y) = —y
—x(y1 —2)* +y2
glx,y) = —Y2 +12.5x(y; —5)
=S(yr +4—x)(y1 +8—x) +y2

Comment: Solutions are unknown.

Problem name: LuDebSinha2016f
Source: [34]
Description: LuDebSinha2016f is defined as follows

F(X)U) = X2 _
2—y
—4+y

—80—X1

—200 + x4

Glx,y) = —100 —x;

—200+X2

—y (3 —2)+x

—x2 +12.5y (3 —5)

S (Ha-y) G-y +

foy) = () +(”5§'5)2

Comment: Solutions are unknown.

Problem name: MacalHurter1997
Source: [36]
Description: MacalHurter1997 is defined as follows

Fixy) = (x—1)7+(y—1)?
f(x,y) = 0.5y + 500y — 50xy

Comment: The global optimal solution is (10.0163,0.8197); cf. [36].

Problem name: Mirrlees1999
Source: [38]
Description: Mirrlees1999 is defined as follows

Fix,y) == (x—2)%+(y—1)?
fx,y) = —xeXP[ (y+1)?] —exp[—(y—1)?]
Q(X»U) = _2+U
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Comment: We used the version from [55], which added the box constriants on y but the global
optimal remains the same. This problem is known in the literature as Mirrlees problem. It
is usually used to illustrate how the KKT reformulation of the bilevel optimization problem
is not appropriate for problems with nonconvex lower-level problems. The global optimal
solution for the problem is (1,0.95753); [38].

Problem name: MitsosBarton2006Ex38
Source: [39]
Description: MitsosBarton2006Ex38 is defined as follows

F(X»U) = yZ
—x—1
) x—1
y—0.1
fix,y) = (x+expx)y
vyl = | 37T

Comment: The global optimal solution of the problem is (—0.567,0); cf. [39].

Problem name: MitsosBarton2006Ex39
Source: [39]
Description: MitsosBarton2006Ex39 is defined as follows

F(x,y) = x
{ —x+y
G(x,y) = —x+10
x—10

f(X)y) = 93
vyl = | 371

Comment: The global optimal solution of the problem is (—1,—1); cf. [39].

Problem name: MitsosBarton2006Ex310
Source: [39]
Description: MitsosBarton2006Ex310 is defined as follows

Fix,y) =y

G(x,y) = [ Xig} ]

fx,y) = x16y —I—Zy —8y? — 1.5y + 0.5)
glx,y) = [ ]

Comment: The set of all global optimal solution is [0.1, 1] x {0.5}; cf. [39].

Problem name: MitsosBarton2006Ex311
Source: [39]
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Description: MitsosBarton2006Ex311 is defined as follows

Fix,y) = vy

G(x,y) := [ _z:} ]

fix,y) = x(16y*+2y®—8y2 — 1.5y +0.5)
g(x,y) [ Y ;S? }

Comment: The global optimal solution of the problem is (0, —0.8); cf. [39].

Problem name: MitsosBarton2006Ex312
Source: [39]
Description: MitsosBarton2006Ex312 is defined as follows

Fix,y) = —x+xy+10y?
x—1
Gy = | h
f(x,y) = —xy?+0.5y*
— | y-1
vyl = | YT ]

Comment: The global optimal solution of the problem is (0, 0); cf. [39].

Problem name: MitsosBarton2006Ex313
Source: [39]
Description: MitsosBarton2006Ex313 is defined as follows

Fx,y) = x—y
X1
Glxy) = [ §_1l
f(x,y) = 0.5xy> —x’y
vyl = | 37T

Comment: The global optimal solution of the problem is (0, 1); cf. [39].

Problem name: MitsosBarton2006Ex314
Source: [39]
Description: MitsosBarton2006Ex314 is defined as follows

Fix,y) = (x—0.25)*+y?
—x — 1
G(X»U) = { x —1 :|
f,y) = 39’ —xy
glx,y) = ’[ _3:} }

Comment: The global optimal solution of the problem is (0.25,0.5); cf. [39].

Problem name: MitsosBarton2006Ex315
Source: [39]
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Description: MitsosBarton2006Ex315 is defined as follows

F(X>y) = Xty
—x—1
Glxy) = [ i_]]
fx,y) = xy? -3y’
_ |yl
glx,y) = [ y—1

Comment: The global optimal solution of the problem is (—1,1); cf. [39].

Problem name: MitsosBarton2006Ex316
Source: [39]
Description: MitsosBarton2006Ex316 is defined as follows

Fix,y) = 2x+vy
x—1
Glxy) = [ z_d
fx,y) = —pxy?— Iy
_ | —y—-1
glxy) = [ y—d

Comment: The points (—1,0) and (—0.5,—1) are the two global optimal solutions of the
problem; cf. [39].

Problem name: MitsosBarton2006Ex317

Source: [39]
Description: MitsosBarton2006Ex317 is defined as follows

Fix,y) = (x+31)?+1y?
—x — 1
G(X»U) = { X—1:|
fx,y) = xy*+ 3y
_ | y—1
gy) = Z[ g1

Comment: The points (—0.25,0.5) and (—0.25,—0.5) are the two global optimal solutions
of the problem; cf. [39].

Problem name: MitsosBarton2006Ex318
Source: [39]
Description: MitsosBarton2006Ex318 is defined as follows

F(X>U) = _X2+y2
—x —1

G(X U) = |: X—]:|
fx,y) = xy*—Jy
_ | —y—1

vyl = | 371

Comment: The global optimal solution of the problem is (0.5,0); cf. [39].

Problem name: MitsosBarton06Ex319
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Source: [39]
Description: MitsosBarton2006Ex319 is defined as follows

Fix,y) = xy—y+qy?
—x —1
G(X>U) = X_]Z‘l
fx,y) = —xy*+ jy*
Sy
9oy = | Ty

Comment: The global optimal solution of the problem is (0.189,0.4343); cf. [39].

Problem name: MitsosBarton2006Ex320
Source: [39]
Description: MitsosBarton2006Ex320 is defined as follows

F(x,y) := (x—%)z—i—yz
Glxy) = [‘1:”
fx,y) = 3y°—x%y
_ | y-1
glxy) = I ]

Comment: The global optimal solution of the problem is (0.5, 0.5); cf. [39].

Problem name: MitsosBarton2006Ex321
Source: [39]
Description: MitsosBarton2006Ex321 is defined as follows

F(x,y) = (x+0.6)*+y?
—x —1

G(x,y) = 1

a4 40 - 3 _ 2 _ 2
fx,y) = y*+ g(—x+ 1y3 + (—0.02x* + 0.16x — 0.4)y

) ) +(0.004x3 — 0.036x% + 0.08x )y

_ | —y—1

9(X>y) L _y_] ]

Comment: The global optimal solution of the problem is (—0.5545,0.4554); cf. [39].

Problem name: MitsosBarton2006Ex322
Source: [39]
Description: MitsosBarton2006Ex322 is defined as follows

Fix,y) = (x+0.6)*+1y?
—x — 1
e
fx,y) = y*+ E(—x+ 1y + (—0.02x? + 0.16x — 0.4)y?
+(0.004x% — 0.036x% + 0.08x )y
9(X7y) = Yy — 1

0.01(1 +x)? —y?
Comment: The global optimal solution of the problem is (—0.5545,0.4554); cf. [39].
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Problem name: MitsosBarton2006Ex323

Source: [39]
Description: MitsosBarton2006Ex323 is defined as follows

F(x,y) = x2
[ —x — 1
G(x,y) = x—1
| T+x—9%* —y
f(x,y) = y_
—y—1
glx,y) = y—1
_yz(x—O.S)

Comment: The global optimal solution of the problem is (—0.4191, —1); cf. [39].

Problem name: MitsosBarton2006Ex324

Source: [39]
Description: MitsosBarton2006Ex324 is defined as follows

Fix,y) = Xz_y

6y = | ) ]

fix,y) = (y—1—0.]x)2—0.5—0.5x}2
— .’

9lxy) = y—3}

Comment: The global optimal solution of the problem is (0.2106,1.799); cf. [39].

Problem name: MitsosBarton2006Ex325

Source: [39]
Description: MitsosBarton2006Ex325 is defined as follows

F(x,y) = x1y1 +xy7 —xixay3
—X—]z
X—]z
Cloy) = 0.1y1y, — x4
L Xzy%
fx,y) = x1y7 +x2y2y3
—y—13
y—1;3
glxy) = Y7 — Y2y3
y%ya—ym
—y3 +0.1

Comment: The best known value for the upper-level objective function is —1 and a corre-
sponding point is (—1,—1,—1,1,1); cf. [39].

Problem name: MitsosBarton2006Ex326
Source: [39]
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Description: MitsosBarton2006Ex326 is defined as follows

F(x,y) = x1y1 +x2y3 + x1x2y3
0.1 —X%
1.5 —yi—y5—y3

Gl,y) = | 254yf+y3+y3
—X—]z
X—]z
f(x,y) = x1yf+xud+ (x1 —x2)y3
_ | y—1s
glx,y) : y—1s

Comment: The global optimal solution of the problem is (—1,—1,1,1,—0.707); cf. [39].

Problem name: MitsosBarton2006Ex327
Source: [39]
Description: MitsosBarton2006Ex327 is defined as follows

Fooy) = Y04 +yd)
—X—]5
X—]5
Glx,y) = Y1y2 — X
X2yi
| X1 —expx2 +Y3
f(x,y) = yi+ydx1 +yix2+ 0.1ys + (yf + y2)xaxaxs
—y—1s
y—1Is
glx,y) = y1y2 — 0.3
x1—y§—0.2
| —expy3 +yays — 0.1

Comment: The best known value for the upper-level objective function is 2 and a correspond-
ing point is (05, —1,0,—1,0,0); cf. [39].

Problem name: MitsosBarton2006Ex328
Source: [39]
Description: MitsosBarton2006Ex328 is defined as follows

Fix,y) = —_Z}L (X + )
—X — ]5
X — ]5
Glx,y) = Y1y2 — X
Xzy%
| X1 —€expXx2 +Y3
f(x,y) = yi+yx1 +ysx2+ 0.1ys + (yf + y3)xsxaxs
—y—1s
y—1Is
9(x,y) = Y1y —0.3
X] — y% —0.2
| —expy3 +yays — 0.1
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Comment: The best known values for the upper and lower-level objective functions are -
10 and -3.1 respectively, and a corresponding point is (1, (—1)s,1,—1,—1,1); cf. [39].
Another possible solution is ((—1)s, 1, —1,—1,—1, 1) with the same the upper and lower-
level objective function values.

Problem name: MorganPatrone2006a
Source: [40]
Description: MorganPatrone2006a is defined as follows

Fix,y) = —(x+y)
o = [153]
fx,y) = xy

9lxy) = [_g:”

Comment: The global optimal solution is (0, 1); cf. [40].

Problem name: MorganPatrone2006b
Source: [40]
Description: MorganPatrone2006b is defined as follows

Fix,y) = —(x+y)
(x +0.25)y if x € [-0.5,—0.25]
f(x,y) = 0 if x € [—0.25,0.25]
(x —0.25)y if x € [0.25,0.5]
—0.5—x
g(xy) = —0.5+x
) . _‘I _ y
—-1+y

Comment: The global optimal solution is (0.25, 1); cf. [40].

Problem name: MorganPatrone2006c¢c
Source: [40]
Description: MorganPatrone2006c is defined as follows

Fix,y) = —(x+y)
[x+—2]y if x € [-2,—%]
f(x,y) = 0 if x € [—%,ﬂ
[x——2]y if x€ [£,2]
—x—2
9(X>U) = _;_%
y—1

Comment: The global optimal solution is (2, —1); cf. [40].

Problem name: MuuQuy2003Ex1
Source: [41]
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Description: MuuQuy2003Ex]1 is defined as follows

Flx,y) = yi+ys+x*—4x

Gloy) = | )

fo6Y) = yi+ 393+ gz + (1=3x)y1 + (1 +x)y2
glx,y) = [Z‘Jl‘f‘yz—zx:;}

Comment: The best known solution is (0.8438,0.7657,0) according to [41].

Problem name: MuuQuy2003Ex2
Source: [41]
Description: MuuQuy2003Ex2 is defined as follows

F(x,y) = yf+yi—yiys — 4y — 7x1 +4x
—x
Glxy) X1 +x2—1
fx,y) = yr+3yi+ Jui vz + (1 =3y + (1 +x2)y2
2yr+yz2—ys+x1 —2x+ 2
glx,y) = Y1 TY2 — Y3 +x1 z_1J|

Comment: The best known solution is (0.609, 0.391,0.000, 0.000, 1.828); cf. [41].

Problem name: NieEtal2017Ex34
Source: [42]
Description: NieEtal2017Ex34 is defined as follows

Fix,y) = x+yi+y2
G(x,y) = [ _zié ]
fx,y) = x(yr+y2)
o(xy) [ —yi +ui+ (y%ﬂéj? ]

Comment: The global optimal solution of the problem is (2,0, 0); cf. [42].

Problem name: NieEtal2017Ex52
Source: [42]
Description: NieEtal2017Ex52 is defined as follows

Fx,y) == x1y1 +xy2 + X1X2Y1Y2Y3
—X—]z
G(x,y) = x—1,
L Ulyz—x%
fx,y) = 799%+§%92923—9219§
. T—yi -y -3
L Y Ny B

Comment: The point (—1,—1,1.1097,0.3143,—0.8184) is global optimal solution of the
problem provided in [42].

Problem name: NieEtal2017Ex54
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Source: [42]
Description: NieEtal2017Ex54 is defined as follows

Fix,y) = Xjyr +x2y2 + x3y3 + x4y3
[x[|> 1
Gyl = | yiy2—x
L Y3Yys —X§
f,y) = yi—yalx J”rX’zz) — (Y3 +Ya) (x3 + x4)
- yl[m =1
V= | g vt

Comment: (0,—0,—0.7071,—0.7071,0.6180, 0, —0.5559, —0.5559) is the global optimal so-
lution of the problem obtained in [42].

Problem name: NieEtal2017Ex57
Source: [42]
Description: NieEtal2017Ex57 is defined as follows

F(x,y) = %_x%w —l—xzy% — (x7 +x§)y3
—X—]z
G(x,y) = x—1;
| —x1 —x2+x} +yi+y3
flx,y) = 732(9113293;9%2—9%)2
. —X1+Y7+Y; +Y;3
oby) = | YR

Comment: The point (1,1,0,0, 1) is the best known solution of the problem provided in [42].

Problem name: NieEtal2017Ex58
Source: [42]
Description: NieEtal2017Ex58 is defined as follows

F(x,y) = (x1+x2+x3+x4)(Y1 + Y2 +Ys +y4)
|2 =1
G(x,y) = Y3 — X4
Y2ys — X1
fix,y) = x1y1 +x2y2 +0.1y3 + 0.5y4 — y3ys
g(x,y) y%+2y%+3y§+4yﬁ—x%—x§—xz—><4
—Y2y3z + Y1ys

Comment: (0.5135,0.5050,0.4882,0.4929, —0.8346, —0.4104, —0.2106, —0.2887) is the best
known solution of the problem obtained in [42].

Problem name: NieEtal2017Ex61
Source: [42]



28 BILEVEL OPTIMIZATION TEST EXAMPLES

Description: NieEtal2017Ex61 is defined as follows

Fix,y) = y3(x —3xix2) — ydyz +y2x3
—X—]z
G(x,y) = x— 13
—y2 —y1(1—x4)
fx,y) = yiys—y3 —yilxa—xj)
g(xy) = yi+yi—1

Comment: The point (0.5708,—1,—0.1639,0.9865) is the best known solution of the prob-
lem provided in [42].

Problem name: Outratal990Exla
Source: [43]
Description: Outratal990Ex1a is defined as follows

F(x,y) = 1y1+y2 3y1 4y2+r(x%+x%)
fix,y) = 3(y,Hy) —(b(x),y)
—o 33391 —i—yz -2
gx,y) = —0.333y, -2
-y
with 7:= 0.1, H := _2 _5 and b(x) :=

Comment: Outratal990Ex1b, Outratal990Ex1c, Outratal990Ex1d, and Outratal990Ex1e
are obtained by respectively replacing r, H, and b(x) in the lower-level objective func-

tion of Outratal990a by
r:=1, H:= _; é ] , and b(x):=x,
r:=0, Hi=| 3 ;5|5 an X) ==X,
1 3
r:=0.1, H:= 3 10 | and b(x):=
1 3 -1 2
r:=0.1, H:= 3 10 | and b(x).:[ 3 _3]x

According to [43], the best known solutions for problems Outratal 990Ex1a, Outratal 990Ex 1b,
Outratal990Ex1c, Outratal 990Ex1d, and Outratal 990Ex1e are respectively

(0.97,3.14,2.6,1.8), (0.28,0.48,2.34,1.03),
(20.26,42.81,3,3), (2,0.06,2,0), and (2.42,—3.65,0,1.58).

Note that for Outratal990Ex1b and Outratal990Ex1c, the solutions above change with a
different starting point for the algorithm used in [43].

Problem name: Outratal990Ex2a
Source: [43]
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Description: Outratal990Ex2a is defined as follows

Fix,uy) = 3 [(y1 =32+ (y2 —4)?]
G(ny) = =X
f5,y) = 3y, HX)y) — (3+1.333x)y; —xy»
—0.333y; +y2—2
glx,y) = y1 —0.333y, — 2
-y

with the matrix H(x) defined by H(x) := L.

Comment: Outratal990Ex2b, Outratal990Ex2c, Outratal 990Ex2d and Outratal990Ex2e are
respectively obtained by performing some changes on the terms H(x) and g(x,y) in the
lower-level objective function of Outratal 990Ex2a:

- —0.333y1 +y2—2
1 0
H(x) := —H(; 0 ] , and g(x,y):= yr —0.333y2—2 |,
- -y
- —0.333y1 +y2—2
o T4x 0 . = B
H(x) := _ 0 1+0.1x } , and g(x,y):= yr —0.333y,—2 |,

-y

"1 0 (—0.333+0.1x)y1 +y2 — x
H(x) := 0 1 } , and g(x,y):=| y1 +(—0333-0.1x)y,—2 |,

" 14x 0 (—0.333 4+ 0.1x)y; +yz2 — x
H(x) := 0 1 ] , and g(x,y):=| y1 +(—-0.333-0.1x)y, —2 |,

-y

According to [43], the best known solutions for problems Outratal 990Ex2a, Outratal 990Ex2b,
Outratal990Ex2c, Outratal 990Ex2d, Outratal 990Ex2e are respectively

(2.07,3,3), (0,3,3), (3.456,1.707,2.569),
(2.498,3.632,2.8) and (3.999,1.665,3.887),.

Problem name: Outratal993Ex31
Source: [44]
Description: Outratal993Ex31 is defined as follows

Fix,y) = 3(y1 =30+ 5(y2 —4)?

G(X)y) = X

fix,y) = %(1 +O.2x)y%+%(1 +0.1x)y3 — (3 + 1.33x)y1 — xy2
(—0.333 4+ 0.1x)y1 +y2 + 0.1x — 2

gx,y) = | y1+(-0.333—0.1x)y, + 0.1x — 2

-y
Comment: Outratal993Ex32 is obtained by replacing the lower-level constraint by
—0.333y1 +y2 +0.1x — 1
glxy) = Yy +y;—0.1x—9
-y
For Outratal993Ex1 and Outratal993Ex2, the best known solutions from [44]
are (1.90910,2.97836,2.23182) and (4.06095, 2.68227,1.48710), respectively.

Problem name: Outratal994Ex31
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Source: [45]
Description: Outratal994Ex31 is defined as follows

Fix,y) = 3(y1—3)2+ 3y, —4)?
—X
G(X»U) = l: x —10
f(x,y) = 5(1 +0.2x)y? + %(1 +0.1x)y3 — (3 + 1.333x)y1 — xy>
—0.333y; +y2 +0.1x — 1
glx,y) = yi+ys—0.1x—9

-y
Comment: According to [45], the best known solution is (4.0604, 2.6822, 1.4871).

Problem name: OutrataCervinka2009
Source: [46]
Description: OutrataCervinka2009 is defined as follows

Fx,y) = —2x1—0.5x2 —y>
G(x,y) = xq
fxy) == yi—ya+xy+3y'y
Y2
g(x,y) = Y2 — Y
Y2 + Y1

Comment: The point Q4 is the global optimal solution of the problem according to [46].

Problem name: PaulaviciusEtal2017a
Source: [47]
Description: PaulaviciusEtal2017a is defined as follows

F(X>U) = X2+yz
—x —1

x—1

Glxy) y—1
y—1
fix,y) = xy?— Ty
_ | y-—1
9(%y) [ y_]]

Comment: This problem a slight modification of MitsosBarton2006Ex318, just with the
upper-level objective function there replaced by x* + y?. Doing so, the point (0.5, 0)
remains globally optimal for the new problem [47].

Problem name: PaulaviciusEtal2017b
Source: [47]
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Description: PaulaviciusEtal2017b is defined as follows

F(X»U) = x+ty
[ —x—1
Gy = | X7
—y—1
y—1
flx,y) = 0.5xy—x3y
oley) = | YT

Comment: This problem a slight modification of MitsosBarton2006Ex313, just with the mi-
nus in upper-level objective function replaced by a plus. Doing so, the global optimal
solution the new problem above is (—1, —1) according to [47].

Problem name: SahinCiricl998Ex2
Source: [48]
Description: SahinCiric1998Ex2 is defined as follows

Fix,y) == (x—=3)"+(y—2)?

Gloy) = |, g

flxy) = (y—>5)7?
—2x+y—1

glx,y) = x—2y+2
x+2y—14

Comment: The optimal value for the upper-level objective function is 5 and a corresponding
global optimal point is (1,3); cf. [48].

Problem name: ShimizuAiyoshil1981Ex1
Source: [49]
Description: ShimizuAiyoshil981Ex]1 is defined as follows

Fix,y) = x>+ (y—10)?
[ —15+x
G(X»U) = Yy—Xx
i —x
f(x,y) = (x+2y—30)?
[ x+y—20
glx,y) = y—20
L -y

Comment: The global optimal solution of the problem is (10, 10) according to [49].

Problem name: ShimizuAiyoshil981Ex2
Source: [49]
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Description: ShimizuAiyoshil981Ex?2 is defined as follows

Fix,y) = (x1 —30)2+ (x —20)% —20y; + 20y
[ —x1 —2x2 + 30
G(x,y) := X7 +x2—25
i X2—15
f,y) = (x1—y1)?+(x2—y2)?
— | y—10
glx,y) : iy

Comment: The global optimal solution of the problem is (20, 5, 10,5) according to [49].

Problem name: ShimizuEtall997a
Source: [50]
Description: ShimizuEtal1997a is defined as follows

Fix,y) = (x—=52%+2y+1)?
f(x,y) := (y—1)2—1.5xy
—3x+y+3
glx,y) = x—0.5y —4
xX+y—7

Comment: Solutions are unknown. A possible solution is (5,2).

Problem name: ShimizuEtall997b
Source: [50]
Description: ShimizuEtal1997b is defined as follows

Fix,y) = 16x* 4+ 9?2
Glx,y) = { i Ty
f(x,y) = (x+y—20)*
o [R70]

Comment: (11.25,5) is the global optimal solution of the problem and (7.2,12.8) is a local
optimal solution [50].

Problem name: SinhaMaloDeb2014TP3
Source: [51]
Description: SinhaMaloDeb2014TP3 is defined as follows

F(x,y) = —x%2—3x%—4y1 —i—y%

G(x,y) = [X‘+2x2__i]

f(x,y) = 2x%+y%—5yz
—x3+2x1 — x5+ 2y1 —y2 — 3

glx,y) = —x2 —3y1 + 4y, +4
-y

Comment: The best known values of the upper-level and lower-level objective values are
—18.6787 and —1.0156, respectively; cf. [51].



BILEVEL OPTIMIZATION TEST EXAMPLES 33

Problem name: SinhaMaloDeb2014TP6
Source: [51]
Description: SinhaMaloDeb2014TP6 is defined as follows

Fix,y) = (x—1)2+2y; —2x
G(x,y) = —x
f,y) = (2y1 —4)?+ (2y2—1)? +xy;

4x +5y7 +4y, — 12
4y —4x — 5y +4

glx,y) = 4x —4y1 +5y, —4
4y —4x+5y, —4
-y

Comment: The best known values of the upper-level and lower-level objective values are
—1.2091 and 7.6145, respectively; cf. [51].

Problem name: SinhaMaloDeb2014TP7
Source: [51]
Description: SinhaMaloDeb2014TP7 is defined as follows

Foow) = A
x5 +x3—100
G(x,y) = X1 —%2
—X
foy) = Gl
—X
9(x,y) = y;ﬂ

Comment: The best known values of the upper-level and lower-level objective values are
—1.96 and 1.96, respectively; cf. [51].

Problem name: SinhaMaloDeb2014TP8
Source: [51]
Description: SinhaMaloDeb2014TP8 is defined as follows

F(x,y) = \2_x1+2xz—3y1—3y2—60|
x1+x2+yr —2y, —40
glx,y) = x — 50,
i —x
f(x,y) = (y1 —x1 +20)* + (y2 — xz + 20)?
2y—X+102
glx,y) = y —20;
i —y—10;

Comment: The global optimal values of the upper-level and lower-level objective values are
0 and 100.0, respectively; cf. [51].

Problem name: SinhaMaloDeb2014TP9
Source: [51]
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Description: SinhaMaloDeb2014TP9 is defined as follows

F(x,y) = Zi]i] [[(Xi — 172+ Uﬂ

fxy) = exp{ 1+ oy T 7 — T112 cos (%)] 210 %2}
— 7T
Q(X»U) = |: _3 _7.[:2 :|

Comment: The best known values of the upper-level and lower-level objective values are 0.0
and 1.0, respectively; cf. [51].

Problem name: SinhaMaloDeb2014TP10
Source: [51]
Description: SinhaMaloDeb2014TP10 is defined as follows

Fooy) = T [(x =17 +vi]

oy) = exp 1+ gl 10wy — T cos ()]
— Tt

glxy) = [_ﬁ_nﬁ}

Comment: The best known values of the upper-level and lower-level objective values are 0.0
and 1.0, respectively; cf. [51].

Problem name: TuyEtal2007
Source: [52]
Description: TuyEtal2007 is defined as follows

Foy) = 24y
—X
G(x, =
(x,Y) [_y]
f(X>U) = Yy
3x+y—15
glx,y) = x+y—7
x+3y—15

Comment: The global optimal solution of the problem is (4.492188,1.523438); cf. [52].

Problem name: Vogel2002
Source: [53]
Description: Vogel2002 is defined as follows

F(Xay) = (y+])2
Glxy) = [‘zji}
flx,y) = y’>—3y
gx,y) = x—y

Comment: The point (—2,—2) is the global optimal solution of the problem; cf. [53].

Problem name: WanWangLv2011
Source: [54]
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Description: WanWanglL.v2011 is defined as follows

Fix,y) == (1+x1 —x2+2y2)(8 —x1 — 2y1 +y2 + 5y3)
fx,y) = 2y1 —y2+ys
—Yr+yz2+ys—1
2x1 —y1 + 2y2 — 0.5yz — 1
glxy) = | 2x2+2y1 —y2 —0.5y3 — 1
—X
-y
Comment: The global optimal solution is (0,0.75,0, 0.5, 0) according to [54].

Problem name: YeZhu2010Ex42

Source: [55]
Description: YeZhu2010Ex42 is defined as follows

F(x,y) = (x—])z—i-yz
G(X)U) = |:_z:§:|
fx,y) = y>—3y
glxy) = x—y

Comment: YeZhu2010Ex43 is obtained by replacing the upper-level objective function by
(x=1)7+(y—2)°

Note that YeZhu2010Ex4?2 is a slightly modified version of Vogel2002, with the term y?
added to the upper-level objective function. The point (1, 1) is the global optimal solution
for both YeZhu2010Ex42 and YeZhu2010Ex43; cf. [55].

Problem name: Yezzal996Ex31
Source: [56]
Description: Yezzal996Ex31 is defined as follows

Fix,y) = —(@x—3)y+2x+1
Gy = | ]
fix,y) = —(1—4x)y—2x—2
vyl = | 7Y

Comment: The global optimal solution of the problem is (0.25, 0); cf. [56].

Problem name: Yezzal996Ex41
Source: [56]
Description: Yezzal996Ex41 is defined as follows

Flx,y) = %(y—ZJZJr%(X—y—Z)Z
flx,y) = y*+x—y
vyl = |, Y]

Comment: The global optimal solution of the problem is (3, 1); cf. [56].
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Problem name: Z1lobec2001a
Source: [57]
Description: Zlobec2001a is defined as follows

F(x,y) = —yi/x
f(x,y) == —yr—y2
X+ Y

glx,y) = | y2—1
-y

Comment: This example is used in [57] to illustrate that the objective function of the problem
can be discontinuous. As stated in [57] , a global optimal solution is (1,1,0).

Problem name: Z1obec2001b
Source: [57]
Description: Zlobec2001b is defined as follows

Fix,y) = x+vy
Glxy) = [X__H
fix,y) = —y
y—1
gxy) = ;3
—xy

Comment: This example is used in [57] to illustrate that the feasible set of a bilevel optimiza-
tion problem is not necessarily closed. As stated in [57], this problem does not have an
optimal solution.

Problem name: DesignCentringPl
Source: [71]
Description: DesignCentringP1 is a so-called design centring problem. The following model
is built from Problem 1 in [71, Section 5.3] but with different G, f, g and y.

F(x,y) = —T[X%
[ vy
Glx,y) = | jys+ya—3
L —Ye — 1
foy) = yi+tyi—iys—vi+tus
[ (Y1 —x1)% + (Y2 — x2)* — %3
g(x,y) = (Ys —x1)% + (ya — x2)? — x3
| (ys —x1)? + (ys — x2)* — %3
Comment: We construct the lower level objectve function by f(x,y) = — > ; Gi(x,y). The

reported optimal value of the upper-level objective is F(x,y) = 1.8606; cf. [71]. However,
since the whole problem is altered, the optimal value of the upper-level objective might be
different. A possible solution is

(0.7486, —0.2304, 0.7696, —0.0084, —0.0917, 0.9352, 0.5162, 0.7486, —1)
with F(x,y) = —1.4319, f(x,y) = —1.7500.
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Problem name: DesignCentringP2
Source: [71]
Description: DesignCentringP?2 is built from Problem 2 in [71, Section 5.3] but with different

G,f,gandy.
F(x,y) = —TIX3X4
Cuiy
7Y3 t+ys—3
G(X>U) = _yé_]
X3 — 1
L X4 — 1
f,y) = Y1 +Y5—4Ys — Y4+ s
(y1—x1)? + (y2—x2)? 1
<2 2
Q(X,y) — (93;51) + (94;2:62) 1
(ys—x1) (ye—x2)
L 5"3 * X3 1
Comment: We construct the lower level objectve function by f(x,y) = — > ; Gi(x,y). The

reported optimal value of the upper-level objective is F(x,y) = 3.4838; cf. [71]. However,
since the whole problem is altered, the optimal value of the upper-level objective might
be different. A possible solution is (3,0,1,1,3,0, 3,0, 3,0) with F(x,y) = —m, f(x,y) =
2.25.

Problem name: DesignCentringP3
Source: [71]
Description: DesignCentringP3 is built from Problem 3 in [71, Section 5.3] but with different

G,f,gandy.
N X3 X4
F(x,y) = -—m|det [ X5 Xe ”
—Y —y3§
Glx,y) = stvyi—3
| —Ye — 1
foy) = witui—jus—vitys L ]
Y1 —xq X3ox | X oxs |\ [y |y
y2—x2 | \| X5 X6 || X4 X6 | L y2—x2 |
- _T - - - - 7" - -
glxy) = Y3 —xi ( X3 x4 | [ x5 xs ) ys—x |
[ ya—x2 | \[ % X ][ x4 X |) |[Ya—x2 |
- _T - - - - 7" - -
Ys — X1 X3 X4 X3 X5 Ys — X1 1
| | Y6 — X2 | L X5 X6 | | X4 X6 | | Y6 — X2 | ]
Comment: We construct the lower level objectve function by f(x,y) = — > ; Gi(x,y). The

reported optimal value of the upper-level objective is F(x,y) = 3.7234; cf. [71]. However,
since the whole problem is altered, the optimal value of the upper-level objective might be
different. This problem is a very challenging one whose first, second order derivatives of
g are very complicated.

Problem name: DesignCentringP4
Source: [71]
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Description: DesignCentringP4 is built from Problem 4 in [71, Section 5.3] but with different

G,f,gandy.
Fx,y) = —(x1—x3)(x2 —x4)
Y1 -3
Gloy) = | jus+ya—3
—Ye — 1
foy) = wityi—qus—vatus
y— [Xl)XZ’XhXZ)X])XZ]
X _
9( )y) —y+ [X3>X4)X3)X4)X3)X4]T
Comment: We construct the lower level objectve function by f(x,y) = — > ; Gi(x,y). The

reported optimal value of the upper-level objective is F(x,y) = 3.0792; cf. [71]. How-
ever, since the whole problem is altered, the optimal value of the upper-level objec-
tive might be different. A possible solution is (—1,1,—1,1,—1,1,—1,1,—1,1) with
F(x,y) =0, f(x,y) = 0.25.

Problem name: OptimalControl
Source: [37]
Description: OptimalControl is a bilevel optimal control program from [37]. This is a
quadratic program and its dimensions {n, ny, ng, ng} are able to be altered. The model
below is constructed based on the MATLAB M-file that the author P. Mehlitz in [37]
shared with us.

.
o = 1 (F ] ()
Glx,y) = _—x1+xz—1]
) = —x |
flx,y) = {(Cyz‘—PX)TW(Cy‘—PX)+%(y2—QX)TU(yz—QX),
Yy —u
_ | vl
glx,y) = Ay
LAY

Comment: y' = ((y")" (y»)")" with y* € R™ and my + m; = ny, M € R™ ™ ¢ ¢
R™k € R™,C € R™ P € R*MW € R, Q € R™*™ U € R™2X™M2 y ¢
R™2,1 € R™2, A € R™™ are given data. Particularly, in the MATLAB M-file, n, =
2,ny =t =2ni,ng =3,ng =4ni, m;y =my =s = ni, where ni and m > ni are
two large numbers.

Problem name: NetworkDesignPl
Source: [11]
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Description: NetworkDesignP1 is a network design problem from NDP1 in [1 1, Section 4.5]
defined as follows

Fioy) =[50+ £, 10732, 10+ £, 107,50 + 22 |y + 100 23 %
Gx,y) = —x—1
flxyy) = [ (5o+ﬁ) du+ [ (1042 )du+jg3 (104 %) au
+ I3t (100 ) dut [ (50+ 1) du
$(x,y) —6+ Y1 +ys +ys
g(xy) = | —b(xy) | where dp(x,y):= Y2—Ys—Y3
-y Y4—Y1— Y3

Comment: The best known values of upper-level and lower-level objectives are F(x,y) =
300.5 and f(x,y) = 419.8; cf. [8].

Problem name: NetworkDesignP2
Source: [11]
Description: NetworkDesignP2 is a network design problem from NDP2 in [ 1, Section 4.5]
defined as follows

5
Fyy) = [50+ﬁ%>10ﬁ%»10+1+x 107, 50+1+X5}9+Zi:17<i
G(x,y) = —x—1
fx,y) = 3 (50+ 1) du+ [3 (1072 ) du+ [ (10+ 1245 ) du
+ 3 (105, ) au+ J3° (50 + 2% ) du
¢ (x,y) —6+yY1+ys+ys
glx,y) = | —blx,y) | with d(x,y):= Y2—Ys—Y3
-y Y4 — Y1 — Y3

Comment: For Network?2 the best known values of upper-level and lower-level objectives are
F(x,y) = 142.9 and f(x,y) = 81.95; cf. [8].

Problem name: RobustPortfolioPl
Source: [71]
Description: RobustPortfolioP1 is a portfolio problem which has been used in [71] to illustrate
the robustness of an optimization problem. Based on Problem 6 in [71, Section 5.3], we
build (P) in the following form

F(x,y) = —xn1
XN+ — Y X
G(X,y) — N —XI:N
2 xi—1
— Z{\; xi + 1
fix,y) = y'xn *XN-H
glx,y) = Hdiag( (U U)H _elj
Gy = 115+ 9% for i=1,..,N
o;p = 005\/ZN N+1)i for i=1,..,N
0 =
5 € [1,00]
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Comment: Here, ||ly||2 = (3_;[yil*)"/® for & € [1,+0c]. The upper-level variable is x =
(x1.N;XN+1) With x1.Ny € RN. The scenarios considered for N are N = 10, 50, 100, 150.
The equality constraint H(x,y) := Z{i] x; — 1 is moved to G(x,y).

Comment2: When 6 = 2, the optimal solutionisx; = 1/N,y; = 1.15,i=1,--- Ny xny41 =
1.15. This is same as Problem 5 in [71].

Problem name: RobustPortfolioP?2
Source: [71]
Description: RobustPortfolioP2 is built from Problem 7 in [71, Section 5.3]. It has the form
as

Fy) = —xng
XN41—YTx
—X1I:N
G =
(X,U) Zl\j:] xi — 1
-y i+
f(x,y) = Y XN — XN )
i N (yi—5i)? N 132
oy = | T = {o T 2 (- )7 ]
I -y
g = 1154+ %% for i=1,..,N
o = $2V2N(N+1)i for i=1,..,N
6 = 1.5

Comment: N = 10,50, 100, 150. A possible solutionis x; = 1/N,y; = 1.15,i =1,--- /N
and xno1 = 1.15.

Problem name: TollSettingPl
Source: [11]
Description: TollSettingP1 is a toll-setting problem which is able to be defined as follows

F(x,y) = —(x1y3 +x2y4 +x3Ysg)
G(x,y) = —x
f(x,y) = [2) 6>5 +X1)X2)4) 2) 6) X3]y
Yyr+y2+ys—1
$(x,y) Ys+Ys — Y1
glx,y) = | —dlxy) | with ¢(x,y):=| Ys+y7—yz2 —ya
-Y Y8 —Ys —Ye

ys+yz+ys—1

Comment: The best known values of F and F are F(x,y) = —7 and f(x,y) = 12, cf. [8], and
(7,4,6,0,0,1,0,0,0,0,0) is a possible solution.

Problem name: TollSettingP?2
Source: [11]
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Description: TollSettingP2 is defined as follows

Fiq,y) = —(xa(yr +y2) +x2(ys +ya) +x3(ys + ys))
G(x,y) = —x
fx,y) = [2x1,2x1,2x2,2x2,2x3,2x3,5,7,14,7,2,4,29,20,12,8,5, 2]y

Y7 +ys+yo —1
Yio+ynn+uynz—1
Y13 +Yyis +yis — 1

+yi17 +yig—1
bx,y) Jte
. Y1 +Ys +Yiz3 —yy
y = — th y =
9(x,y) d)(x,_yy) with ¢(x,y) Y2+ Y6+ Y16 — Yo

Y3 +Yis —Y1 —Yys
Ya+Y17 —Y2 —Yn
Y15 —Y3 —Ys — Y9
| Y18 —Y4 —Ys — Y12

Comment: The best known values of upper-level and lower-level objectives are F(x,y) = —9
and f(x,y) = 32; cf. [8]. (0.5,4,4.5,0,0,0,0,1,0,1,0,0,0,0,1,0,0,1,0,0,1) is a
possible solution but with F = —4.5 and f = 32.

Problem name: TollSettingP3
Source: [11]
Description: TollSettingP3 is defined as follows

Fix,y) = —(x1(yr +10y2) +x2(ys + 10y4) + x3(y5 + 10ys))
G(x,y) = —x
fx,y) = [2x1,20x1,2x7,20%3, 2x3,20%3,5,7,14,7,2,4,29,20,12,8,5, 2]y

Y7 +ys+yo—1
Yo +yn +ynz—1
Y13 +yis +yis — 1

Yie +yi17 +yig — 1

(x 3 with §(x,y) = Y1 Y5 Y~ Y
Y )= 10y2 + 10ys + Y16 — Y10
Y3 +Yia — Y1 —Ys
10y4 +y17 — 10y2 —y
Y15 =Yz —Ys — Yo

| y1s — 10ys — 10ys — Y12

Comment: The best known values of upper-level and lower-level objectives are F(x,y) = —24
and f(x,y) = 81; cf. [8]. (5,3.5,8.5,0,0,1,0,0,0,0,1,0,0,0,1,0,0,1,0,0,1) is a
possible solution but with F = —3.5 and f = 32.

Problem name: TollSettingP4
Source: [11]
Description: TollSettingP4 is defined as follows

F(x,y) = —(y2+y3)x1 —ysxz
fix,y) = [8,3+ 2x1,3 4+ 2x1 + 2x2, 6]y
d(x,y)
. fyp—1
vyl = | ~ebaw) [ witn plxy)= | YT

-y
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Comment: The best known values of upper-level and lower-level objectives are F(x,y) = —8
and f(x,y) = 14; cf. [8]. Two possible optimal solutions are (2.5,—1,0,1,1,0) and
(10/3,—4/3,1,0,0, 1) but both with F = —4, f = 14.

Problem name: TollSettingP5
Source: [11]
Description: TollSettingP5 is defined as follows

Fix,y) = —(y2 +ys3)x
fix,y) = [8,3+ 2x,4+ 2x,6]y

(%) 1
g(x,y) = —d)(x,_yy) with d)(X)y)::H;igi_]}

Comment: The best known values of upper-level and lower-level objectives are F(x,y) =
—11 and f(x,y) = 34; cf. [8]. Two possible optimal solutions are (2.5,0,1,0, 1) with
F=-25,f =14 and (1,0,1,1,0) with F = =2, f = 11.

2. LINEAR BILEVEL EXAMPLES

Problem name: AnandalinghamWhitel990

Source: [58]
Description: AnandalinghamWhite1990 is defined as follows

Floy) = —x—3y
G(x,y) = —x
flx,y) == —x+3y i
—x—2y+10
x—2y—=~6
2x —y —21
g(x,y) = X+23_38
—x+2y—18
L Y |

Comment: The global optimal solution of the problem is (16, 11); cf. [58].

Problem name: Bard1984a
Source: [75]
Description: Bard1984a is defined as follows

F(X)y) = Xty
G(X)y) = —X
f(x,y) = —5x—y
—x — 0.5y +2
—0.25x +y —2
glx,y) = x+ 0.5y —8
x—2y—4
-y

Comment: The global optimal solution is (8/9,20/9); cf. [75].

Problem name: Bard1984b
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Source: [75]
Description: Bard1984b is defined as follows

Fix,y) = —-5x—y
Glxy) = —x
f(X)y) =3
—x—0.5y+2
—0.25x+y—2
glx,y) = x+0.5y —38
x—2y—4

-y
Comment: The reported optimal solution is (7.2, 1.6); cf. [75].
Problem name: Bard1991Ex2

Source: [5]
Description: Bard1991Ex2 is defined as follows

F(x,y) = —x+10y1—y2
G(X>y) = —X
fx,y) = —y1—y2
x+y—1
— X+yz—1
ghay) = g,
-y

Comment: The global optimal solution is (0, 0, 1); cf. [5].

Problem name: BardFalkl1982Ex2

Source: [59]
Description: BarkFalk1982Ex2 is defined as follows

Fx,y) = —2x1+x2 + 0.5y,
G(x,y) = —x
fx,y) == x1+x2—4y1 +y2

—2x1+y1—y2+2.5
x1—3x+yy—2
g%y) = X+ X0 —2

-y

Comment: Authors in [59] claimed an optimal solution is (1,0, 0.5, 1); while authors in [79]
stated the global optimal should be (2,0, 1.5,0). And the latter is the correct result.

Problem name: BenAyedBlairl1990a
Source: [76]
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Description: BenAyedBlair1990a is defined as follows

Fix,y) = —15x—6y1—y;
—X
G(x,y) = _X—]
fx,y) = —y1 -5y
x+3yir+y2—>5
glx,y) = 2x+y1+3y,—5
| —Y

Comment: The global optimal solution is (1,0, 1); cf. [76].

Problem name: BenAyedBlairl1990b
Source: [76]
Description: Ben-AyedBlair1990b is defined as follows

F(X)y) = Xy
G(x,y) = —X
f(x,y) =Y
—4x =3y + 19
_ x+2y—11
9y) = 3x+y—13

-y

Comment: The global optimal solution is (1,5); cf. [76].

Problem name: BialasKarwanl984a
Source: [77]
Description: BialasKarwan1984a is defined as follows

Fx,y) = —x—y
G(X)y) = —X

f(x,y) = Y2 _
x+yr+y2—3
—X—Yyr+y2+1
. —X+Yyr+y—1
9(X>y) = X_U1+UZ_]
yz—O.S
L Y ]

Comment: The global optimal solution should be (1.5,1,0.5) .

Problem name: BialasKarwanl984b
Source: [77]



BILEVEL OPTIMIZATION TEST EXAMPLES 45

Description: BialasKarwan1984b is defined as follows

F(X>U) = -y
Gx,y) = —x
f(X>U) =Y _
—x—2y+10
x+2y — 38
—x+2y—18
9lx,y) = 3y 6
2x —y—21
L Y

Comment: The global optimal solution is (16, 11); cf. [77].

Problem name: CandlerTownsley1982
Source: [60]
Description: CandlerTownsley1982 is defined as follows

F(x,y) = —8x; —4x,+4y; —40y, —4y;
G(x,y) = —x
fix,y) = x1+2x2+y1 +yz2+2y;3

—Yr+y2+ys+1

2x1 —y1 + 2y, —0.5yz — 1
2x; +2y; —y2 — 0.5yz — 1
-y

Comment: The gloabl optimal solution for this problem is (0, 0.9, 0,0.6,0.4) with values of
upper-level and lower-level objectives F(x,y) = —29.2 and f(x,y) = 3.2; cf. [60].

Problem name: ClarkWesterbergl988
Source: [61]
Description: ClarkWesterberg1988 is defined as follows

Foy) = x—4y
f(X,U) =9
—2x+y
glx,y) = 2x + 5y — 108
2x—3y+4

Comment: The global optimal solution is (19, 14); cf. [61].

Problem name: ClarkWesterbergl990b
Source: [10]
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Description: ClarkWesterberg1990b is defined as follows

F(x,y) = —x—3y;+2yz
—x
G(X>U) = |:X—8:|
flx,y) = —yi
—Yi
Yy —4
glx,y) = —2x+y; +4y,—16

8x +3y; — 2y, —48
—2x+vy1 -3y, +12

Comment: The best known optimal value for the upper-level objective function is —13 and a
corresponding optimal point is (5,4, 2); cf. [10].

Problem name: GlackinEtal2009
Source: [62]
Description: GlackinEtal2009 is defined as follows

F(x,y) = —2x1+4x2+ 3y
o X1 —%x2+ 1
Gluy) = | TR
f(X>U) = Yy
X1 +x2+y—4
glx,y) = 2x1+2x24+y—6

-y
Comment: The global optimal solution is (1,2,0); cf. [62].
Problem name: HaurieSavardWwhitel990

Source: [78]
Description: HaurieSavardWhite1990 is defined as follows

F(X)U) = x+5y

f(x,y) = 3
—3x+2y—6
3x +4y —48

Q(X»‘J) = Zx_gy_g
—x—y+38

Comment: The global optimal solution is (12, 3); cf. [78].

Problem name: HuHuangzhang2009
Source: [63]
Description: HuHuangZhang2009 is defined as follows

Fix,y) = —4x—y1—y2
G(X)y) = —X
f(x,y) = —x—3y
X+yr+y2— 3
xX+yz—2
X, =
9% y) y1+yz—%

-y
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Comment: The global optimal solution is (]77, %, 0); cf. [63]. Note that there is an error in

[63] where x +y7 —2 < Oshould be x +y; — 2 < 0.

Problem name: LanWenShihLee007
Source: [64]
Description: LanWenShihLee2007 is defined as follows

Fix,y) = 2x—1T1ly
Gloy) = —x
f(x,y) = x+3y
[ x—2y—4 |
2x—y—24
Ix +4y —96
glx,y) = x+7y—126
—4x 4+ 5y — 65
—x—4y+8
~y |

Comment: The best known solution is (17.4500, 10.9080); cf. [64].

Problem name: L.iuHart1994
Source: [67]
Description: LiuHart1994 is defined as follows

F(X)y) = —x—3y
Glxy) = —x
f(X)y) =Y
—x+y-—3
x+2y—12
Q(X»U) = 4X—5—12

-y
Comment: The reported optimal solution is (4,4); cf. [67].

Problem name: MershaDempe2006Ex1
Source: [65]
Description: MershaDempe2006Ex]1 is defined as follows

F(X>U) = X—8y

G(X>U) = —X
f(x,y) =1
5x —2y —33
—x—2y+9
glx,y) = —7x+3y—>5
x+y—15
-y

Comment: The original problem has no optimal solution, so the version used here is shifted
the upper level constraints to the lower level; cf. [65].

Problem name: MershaDempe2006Ex2
Source: [65]
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Description: MershaDempe2006Ex2 is defined as follows

F(X> y) = X Zy
ctew) = [ H71)
f(X, y) = -

Comment: Reported global optimal solution is (8, 6); cf. [65].

Problem name: TuyEtall993
Source: [79]
Description: TuyEtal1993 is defined as follows

F(x,y) = —2x1+x2+ 0.5y,
X1 +x2—2
G(X,U) = |: ] 2 —X:|
flx,y) = —4yr+y2
—2x1+y1—y2+25
glx,y) = X1 —3x2 +y2—2

-y
Comment: The reported optimal solution is (2,0, 1.5,0); cf. [79].
Problem name: TuyEtall994

Source: [30]
Description: TuyEtal1994 is defined as follows

Fix,y) = 3x1+2x2+y1+y2

Glxyy) = [X1+Xz+y1+yz—_i}

fx,y) = 4y1+yz

axy) = [ —3x1 —5x2 — 6Y1 — 2y +_13 }

Comment: The reported global optimal solution is (0, 3,0, 0); cf. [80].

Problem name: TuyEtal2007Ex3
Source: [52]
Description: TuyEtal2007Ex3 is defined as follows

F(x,y) = (12,-1,-12,13,0,2,0,—5,6,—11)x — (5,6,4,7,0,0)y
—Ax — By +[-30,134]"
G(x,y) = x—By+I _]X
fny) = [3,-2,-3,-3,1,6ly
g(xy) = [ —Cx — Dy + [83,—92, 168,96, 133,89, 192]
) . _y
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with A, B, C, and D respectively defined by

A (2 3 142 9 -2 -1 4 0 =2
-1 7 =13 0 15 =2 & 4 —4 7
B 3 -9 2 8 -1 38
|6 2 —6 -2 -8 4
5 -7 -4 2 -3 9 -9 1 3 -11]
-6 5 3 2 8 -5 -8 3 —7 -3
6 4 -2 0 2 -3 3 -2 -2 -4
¢cC=| -5 -6 0 4 -3 8 -1 0 -2 3
-1 11 -4 -5 10 6 —-14 7 11 3
-2 12 4 10 -2 -8 -5 11 4 -1
-7 2 6 0 11 -1 2 2 1 2
-0 9 6 -4 —6 3] ]
5 7 -1 -1 6 -4
-10 -5 —6 4 -3 1
D:= 4 3 4 4 -1 -1
10 7 -7 -7 =2 -7
-2 5 —-10 -1 -4 -5
5 5 6 5 —1 12
Comment: According to [52] the best known solution of the problem is

x* = (0,8.170692,10,0,7.278940,3.042311,0, 10, 0.001982, 9.989153)
y* = (3.101280,10,10,10,0,9.846133)

with F = —467.4613,f = —11.6194.

Problem name: VisweswaranEtall996
Source: [68]
Description: VisweswaranEtal1996 is defined as follows

F(x,y) X +y
Gxy) = —x
f(X>U) = —SX—U
—x — 0.5y +2
—0.25x +y—2
glx,y) = x+0.5y —8
x—2y—2

-y
Comment: The reported optimal solution is (8/9,20/9) ; cf. [68].

Problem name: WangJiaoLi2005
Source: [66]
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Description: WangJiaol.i2005 is defined as follows

F(x,y) = —100x — 1000y,
Gloy) = | ]
f,y) == —y1—y2
x+yr—yz2—1
glx,y) = Yyr+y2—1
L -y
Comment: The reported optimal values of the objective functions are F(x,y) = —1000 and

f(x,y) = —1; cf. [66].
3. SIMPLE BILEVEL EXAMPLES
Problem name: FrankeEtal2018Ex53

Source: [73]
Description: FrankeEtal2018Ex53 examples are defined as follows

Fly) = yi+y3
_ —y
Gly) = | y_1,
fly) = (y1—2)°
_ —y
9ly) = |y,

Comment: The reported global optimal solution is (1,0); cf. [73].

Problem name: FrankeEtal2018Ex511
Source: [73]
Description: FrankeFEtal2018Ex511 examples are defined as follows

Fly) = 0.5(y1 —2)* +0.5y3 + 0.5(y; — 2)?
fly) == y1+y2+ys
—Y1 — Y2
o —Y1t+y2
gly) : —u;
—Y3

Comment: The reported global optimal solution is (1,—1,0); cf. [73].

Problem name: FrankeEtal2018Ex513
Source: [73]
Description: FrankeFEtal2018Ex513 examples are defined as follows

Fly) == —u2
fly) = ys3
yi—u3
gly) = | yi+yi—1
—Y3

Comment: The reported global optimal solution is (0, 1,0); cf. [73].
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Problem name: FrankeEtal2018Ex521
Source: [73]
Description: FrankeEtal2018Ex521 examples are defined as follows

Fly) == —u2
fly) = wu

(y1 — 12— (y —0.5)> —1.25
9ly) = yr+yz2—1

—WY
Comment: The reported global optimal solution is (0, 1); cf. [73].
Problem name: MitsosBarton2006Ex31

Source: [39]
Description: MitsosBarton2006Ex31 is defined as follows

Fly) =y
Gly) = [_g:”
fly) = —y
9ly) = [_g:”

Comment: The optimal solution is 1; cf. [39].

Problem name: MitsosBarton2006Ex32
Source: [39]
Description: MitsosBarton2006Ex32 is defined as follows

Fly) =y
—y—1
Gly) := y—1
y

fly) = —y
9ly) = [ 3_”

Comment: The problem has no optimal solution; cf. [39].

Problem name: MitsosBarton2006Ex33
Source: [39]
Description: MitsosBarton2006Ex33 is defined as follows

Fly) =y
L —y—10
Gly) = oy 10
fly) = y?
1—y2
gly) = | —y-—10
y—10

Comment: The optimal solution is —1; cf. [39].
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Problem name: MitsosBarton2006Ex34
Source: [39]
Description: MitsosBarton2006Ex34 is defined as follows

Fly) =y

L —y—0.5
Gly) = [ y_1]
fly) = —y?

. -y —0.5
gly) = [ y_1]

Comment: The optimal solution is 1; cf. [39].

Problem name: MitsosBarton2006Ex35
Source: [39]
Description: MitsosBarton2006Ex35 is defined as follows

Fly) =y
— | y-—1

Gly) = [ 91J

fly) = T6y*+2y° —8y?—1.5y+0.5
— | y—1

9ly) = [ y_]}

Comment: The optimal solution is 0.5; cf. [39].

Problem name: MitsosBarton2006Ex36
Source: [39]
Description: MitsosBarton2006Ex36 is defined as follows

Fly) =y

_ |y
s = | Y77 ]
fly) = y?

_ | Y-
aly) = | YT

The optimal solution is —1; cf. [39].

Problem name: ShehuEtal2019Ex42
Source: [72]
Description: ShehuEtal2019Ex42 examples are defined as follows

Fly) = 0.5y"Qy
fly) = 0.5]|Ay — bllZ + ullyll;

Commentl: Q is a positive definite matrix. A € R™*™ is a given matrix, b is a given vector
and p (e.g., 0.5) is positive scalar. b is generated as b = Ay + €(, where A and ( are
random matrices whose elements are normally distributed with zero mean and variance 1,
€ (e.g., 0.01) is a noisy factor. y is a generated sparse vector with few non-zero elements.
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