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1. ����`3�JL�u/�JL�am�%_�A. ��tX�[.?a3,O`3�J\m�sha�6, Gh�+`3�Ja9B, �X�[.L�a{�, k~9g;5S�), �(F�U?a`3�J ~.`3�JL6m��J ~a�\℄>L�Nm��J ~aZ��℄/mua. j�Lb, �(��J ~a�\7, �Nm��J ~. "am
	�\?a(��J ~=�33 ~, 	m�6℄?a�J ~=�43 ~. `3�J ~��3JPF:

min
x∈Rp

Φ(x) = F (x, y∗(x)), s.t., y∗(x) ∈ argmin
y∈Rq

f(x, y). (1.1)(7�sW�v, "an943;33 ~oL$�\ ~. "�"an9 F Lm�BY!�6℄, f Lz�BY!�6℄. (Fn9L�HBexSk~aUh. ���9?m
n
* 2024 w 1 � 2 .S℄.
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130 i m _ ℄ 2024 w9 F L�	6℄, sq Φ L�	6℄, k~9gam�L_%m��h�mg, `XW�w
‖∇Φ(x)‖2 ≤ ǫ ag x.Z�a`3�J ~v� Stackelberg 1952 usI “Theory of the Market Economy”mX [45]. X?�`3�JgZHm��ia�f[?a$` ~. �(� ~?, �m�
“Leader”, �m� “Follower”. Leader 5\�1 (�^F�14�, Leader 3^ Follower O,2\Sda�1), !B Follower �� Leader a�1^FtSdZ�;a�1. Leader ;
Follower �Sd&�am�6℄. (ga ~!q�m�`3�J/#H: 43 ~t{�
Leader a�1 ~, 33 ~t{� Follower a�1 ~. `3�JemMF7��C[aL�L 1973 u Bracken ; McGill a�$ [4]. (|�$�`3�JgZHm��JL�a�C[ ~. n9���;1��{#. ��hxSda%�+Y�mF6ma�<,(F�<!qQU\1�a%�;&P. sq��a�1 ~LxSda%�+Y�n7;�!+Yw5, �1am�LuC>�. 1�h\a�1L1=�(Sda%�;&P, qxq>u5\ZC.

2. �f%vl!#`3�Jm��ia{�7, L��j�;j>0�?a�1 ~. `3�J�Z�bux�H m.�a+K, Lw��X�[.L�{7H?w�8Dha{�. 3JLmF�8�~>>a!^, �1:.�J [14, 40], �[. [3, 41, 43], q^�J[. [14, 19]. (7"aDg�6:.�J;�[.E�{�.

2.1. o~pw�,k "j>0�amp ~L`3�Jam�Dh{�L�. �y℄aj>O7?, �?wlj>&g!q��E%j. \�&go��B&�ajp>�!%Z�. �E!q��SdaAkUh (�1�jGaRC) /Z�tSdZ�;aj>&g;jp>�. (� ~�Lm�iOa`3�J ~. (7j>&gL “Leader”, �EL “Follower”. j>&gh\a�1 ~L1==m�B&�ajp>�Ny�B�O7?a�->, y�EeKa�1 ~LZ�nl&g;nB>�Ny�XWSd�jGUha�}3F�ZC.

2.2. h$u?w�g[jO;X�[.jOo�:.℄. �1�g[?a LASSO jO
min
β

m∑

i=1

(β⊤ai − bi)
2 + µ‖β‖1. (2.1)(7 (ai, bi), i = 1, . . . ,m LW2℄�. N�X�[.?a2<AGXjO

min
w,c

m∑

i=1

max{1− bi(w
⊤ai − c), 0}+ µ‖w‖22. (2.2)� (2.1) ; (2.2) ?, µ oL:.℄. 1=Z�(�:.℄�Ak{�?�8aDh. �g[;X�[.?8�aZ�:.℄a�~L K-fold {5f0. q LASSO jO�<, K-fold {5

陈卓
高亮



2 � WI
: Y	℄/�ba4�Km�t� 131f0a��\~L	`D℄�℄ D := {(ai, bi)}mi=1 �> K 	 Dk := {(ai, bi)}i∈Tk
, (7 Tk,

k = 1, . . . ,K L6�℄> T := {1, . . . ,m} am�I�. t�m�*ma µ ;\m� k, "a� D\Dk ^�`D℄�℄��`DjO (2.1). "a	_\a�j^ βk(µ). (gt�\m�
k = 1, . . . ,K \H�ga*FqB, "a�!qgk{5f0(6�

CV (µ) :=
1

K

K∑

k=1

∑

i∈Tk

ℓ(βk(µ), ai, bi).(7"a� ℓ / H LASSO jO?am�6℄. �4gk?w&�a µ st{a(6
CV (µ), "aZA!qZ�ZCa(6st{a µ /^�ZAa:.℄. !q�F, (ga�~�E��g�(i) "aUh�� K M LASSO jO. (� K ?R?O?F?r. (ii) ZAZ�\a:.℄&mmLZ�a, w�(�.℄LN"aÆ5�ma µ a℄>7eZF/a.`3�J!q�Ea��(E� ~. �9?p��m0Ja!^xS1=�`3�JZ�2<AGXjO?a:.℄ [1, 2, 24, 26, 27]. 3e"a� LASSO  ~�</xS1=�`3�J\:.�J. LASSO  ~?a:.Z�!q�3ea`3�J/���

min
µ,β1,...,βK

1

K

K∑

k=1

∑

i∈Tk

ℓ(βk(µ), ai, bi)

s.t., βk ∈ argmin
zk

∑

i/∈Tk

ℓ(zk, ai, bi) + µ‖zk‖1, ∀k = 1, . . . ,K.j!qpaH>3eaPF�
min

µ,β1,...,βK

1

K

K∑

k=1

∑

i∈Tk

ℓ(βk(µ), ai, bi)

s.t., (β1, . . . , βK) ∈ argmin
(z1,...,zK)

K∑

k=1

∑

i/∈Tk

ℓ(zk, ai, bi) + µ‖zk‖1.(ga8JL, 8U��m�`3�J ~�!q%\Z�a:.℄ µ.(�eamFZI�!.v [5, 16,28,51].

2.3. '���[.LX�[.?am�IM$~. �[.5�a���8&�. (7Dg�6�[.?am�VI('�: H[.. n9� M ��[.a('�{Ti}Mi=1. \m�(' Ti o�mY`D℄� Dtr
i ;mY2Q℄� Dtest

i . �[.am�L�4(F℄�℄t\�(' Ti [.wajO.℄ wi, 	L�?[.s�(''�a: H λ. (� λ !qL<��Ua.℄,!qL��('s�ak~7ea.℄, j!qL�/gZs�jO'�amFz,a.℄.�4�[._\a wi ; λ, !q�/?8aJ54ha('. (��[.a<R!q�3ea`3�J/gZ�
min
λ

M∑

i=1

L(w∗
i (λ), λ,D

test
i )

s.t. w∗(λ) ∈ argmin
w

M∑

i=1

L(wi, λ,D
tr
i ).
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3. �f%v
r�u/,��`3�J�>#{��X�[.L�, �<+ak~�jx�H.�a+K. "aGhxSE4`3�J ~ak~�33 ~L�	�J ~, ;33 ~Lm
	�J ~. ���bu`3�Jak~Gh{��X�[.L�, �9?m
�Pm�6℄
F ; f L��T& finite-sum a�(. j�Lb, (1.1) ?a F ; f �!!qH>

F (x, y) := EξF̄ (x, y, ξ), f(x, y) := Eζ f̄(x, y, ζ), (3.1)T&
F (x, y) :=

m∑

i=1

Fi(x, y), f(x, y) :=

m∑

i=1

fi(x, y). (3.2)(7 m !q�>Lg�℄�a�℄. w�gk{r?*p, t�(ga ~9gak~oLpXk~. j�L�pX{rU�{r. sq, �3eaxS?, 138^\g�-g��r,�6�x, "al*xSaL (3.1) T& (3.2) a�(.

3.1. �e$ukmw��: je(�$uw�`3�J ~Lm�zVa�\�J ~ (�\7e�Nm��J ~), m�?S!a=~L, L
!q	`3�JZ^m�W3a�\�J ~/��? �9?�EB8�a�~	`3�JMJ>W3�J ~. mBLx33a�J ~�wa KKT �w/�U,Ny	�/a`3�J ~MJ>T�\aW3�J ~. XL���;R�\aO�, (gaW3�J ~�!t+!&/s��. �(m�"aGh�63ea value-function-based�~. (h�	`3�J (1.1) paH>3eaPF�
min
x,y

F (x, y), s.t., f(x, y) ≤ f∗(x). (3.3)(7 f∗(x) amuL f∗(x) := miny f(x, y). /s�F, 13 (x, y) XW (3.3) a�\�w, oZ y �VL miny f(x, y) aZ��. XLw� f∗(x) �!tL�	"��-Ga, sq��
(3.3) +!L&/sa. &4(�W3�\�JNL�8��, !q�J"a9gmF�uak~/��`3�J ~. (�"a�BeOQ2xS.

3.2. �e����Æ$u��Z�a+�`3�Jk~lU��ra�)L Ghadimi ; Wang 2018 u� arxiv 4eaÆz��$ [17]. (��$�)H33 ~L�	 ~?, {rk~��`3�J ~ (1.1)ak~lU��r. �{r~�� (1.1) ZS!a=~L�lU&F�
xk+1 := xk − τx,k∇Φ(xk). (3.4)(7 τx,k > 0 L*9, ∇Φ(x) L436℄ F a:{r. w� y∗(x) jL x a6℄, sq(7L�:{r, &��K�a{r. (�:{r ∇Φ(x) �m�6Fagk&F13�

∇Φ(x) := ∇1F (x, y∗(x))−∇2
12f(x, y

∗(x))[∇2
22f(x, y

∗(x))]−1∇2F (x, y∗(x)). (3.5)



2 � WI
: Y	℄/�ba4�Km�t� 133(7"aUh6F(�gk&Fh�\y6℄m5. �m5h�33 ~aZ���V�m.(L"ah�33 ~�	a�w. sq, 13"at_\ y∗(xk)am�?8a�h, oZ�!q_\+�:{r ∇Φ(xk) am�?8a�h, Ny!q{� (3.4) /�Qk~lU. oZ1=_\ y∗(xk) am�?8a�hq? "a!q�{r~/�h�� x = xk ?a33 ~.sq, 43 ~;33 ~o�{r~��ak~!q�+13:

for k = 0, 1, . . . ,K − 1

yk,0 = yk−1,T

for t = 0, 1, . . . , T − 1

yk,t+1 = yk,t − τy,k∇2f(x
k, yk,t), (3.6)

xk+1 = xk − τx,k∇̃Φ(xk),(7 ∇̃Φ(xk) L:{r ∇Φ(xk) a�h, �gk&F13�
∇̃Φ(xk) = ∇1F (xk, yk,T )−∇2

12f(x
k, yk,T )[∇2

22f(x
k, yk,T )]−1∇2F (xk, yk,T ). (3.7)(�k~�E�6Ia�g;pg�(i)E3^M. !q�\,\M xk  Ia?A,VLh33 ~�Q?wMlU. (�Ak?!t&Lm�8aZ�. (ii) gk:{r (3.7) a?Ah��m���Y. (�Ak?!t�8a�?. �?w!^Oe���(E� ~. "a3e�6(�eamFU !^. Hong et al.a�$ [19] }FH TTSA(Two-Timescale Stochastic

Algorithm) k~. TTSA �43ealU&F IlUg�
yk+1 := yk − βkh

k
f (3.8a)

xk+1 := xk − αkh
k
F . (3.8b)(7 hk

f ; hk
F �!L ∇2f(x

k, yk) ;:{r ∇Φ(xk) a�h. (�k~a�K�� x ; y !q�* I, y�Lm�W^Mak~. 13"aZ�*9 αk, βk D_ limk
αk

βk
= 0, �m4�umFn9, oZ�!q0i TTSA aRCR;RCjr. (7 limk

αk

βk
= 0 Z αk ; βko�A� 0 ?, �0 αk RCajr %. j�Lb βk h�R� αk. (ga*9a9<�0H yk � xk hRCa %. (j�>{r�~ (3.6) a=~�� �� yk qB��4mM{r*/ I xk. Chen et al. [7] }FHNÆmBW^Mak~. �k~}=H TTSA ag�-ga��r, &4UpL\MlUa�kG�s}%. sq�k~N��-g�}F?ra�(. +�1=J5:{r?a��Y�� ~, �EB8�a�~: approximate implicit

differentiation (AID) ; iterative differentiation (ITD). Ji et al.a�$ [22] �)HV� AID ;
ITD a{r�~alU��r�), ��Fa�3��H [17] ; [19] a�3. mFBYa!^ [18, 23, 47] x2H momentum ;�6ruaeÆ, �m*mj;}=H(4��`3�J ~ak~aRCjr.(7"a6F, 4Zk~o[�?8a��:{r (3.5) gk?a��Y�� ~. AID; ITD �>4oL{�lUk~/�ha��(���Y. (ga0^�!tO?�?. *t(� ~, Dagreou et al. [11] }FH SOBA k~. �k~}F�13a*F/J5��Y�� ~. T5, ����Y [∇2

22f(x, y)]
−1∇2F (x, y) p�[CJm�zM6℄, `��m�$�\azM/I ~

min
v

1

2
v⊤∇2

22f(x, y)v −∇2F (x, y)⊤v. (3.9)



134 i m _ ℄ 2024 w(�zM/I ~!q�{r~/lU��. XL(g!t?�?. SOBA k~}F8�mM{r*/�h(�zM/I ~a�. �� (1.1) a SOBA k~e k MlUa&F!qgZ13�
yk+1 := yk − βkD

k
y , (3.10a)

vk+1 := vk − ηkD
k
v , (3.10b)

xk+1 := xk − αkD
k
x. (3.10c)(7a αk, βk, ηk oL*9, Dk

y = ∇2f(x
k, yk), Dk

v = −∇2F (xk, yk)+∇2
22f(x

k, yk)vk L (3.9)am�6℄a{r, Dk
x L:{r (3.5) a�h. �4&F (3.5) !3,

Dk
x = ∇1F (xk, yk)−∇2

12f(x
k, yk)vk.Va/b, t�33 ~L�	�J ~a�(, ��33 ~aZ���m, "a!q�y6℄m5/R_gk:{ra&F (3.5). sq�(B�(3�Rw℄ak~oL�${r~/9ga.

3.3. �e����aÆ$u����43 ~Uh33 ~aZ��, oZ�`3�J?T5h�033 ~L	 ~,(g,t�0!q9gk~/R_33 ~aZ��. sq�9?+�`3�Ja�V�4o�P33 ~L�	T&m
	a�(. Z33 ~L�	a?A, �Z��L�ma.(?"a!q{�y6℄m5/R_gk:{ra&F (3.5). 4m�C�sxSak~V�4oLV�:{ra. j�Lbt�43;33 ~o-�{rk~. XL, Z33 ~Lm
	�J ~?, �Z��!t&�m, oZy6℄m5a�w&>=. (?�&tgk:{rH.sqt�33 ~Lm
	�J ~a�(, �k~9g�33 ~L�	 ~a�(L�?Ra�!a.�X�[.a!^?, m�?S!a=~L�L
!q�33 ~am�6℄mm�Ca#n� ǫ‖y‖22 D��>�	 ~, !B�4m�ak~���(�#nBa ~, q��ha��� ~. XL, (��~L&!Qa. Liu et al.a�$ [34] ; Chen et al.a�$ [6] tL�FH�<, biH336℄ f a��#n, !tO[;6℄ Φ a�R�J. sq, m#n�(�eÆ�(7L$~{�a.J533 ~Lm
	�J ~am��8Dha�~L value-function-based �~. (�e��a!^�+ [12, 39, 52]. (�eZ�j�?w!^, �+ [16, 31, 32, 35, 38, 42, 44, 51]m0Ja�$. �? [31] }FH3eak~. T5�PW3�\�Jap ~ (3.3). ���\/�J�w&>=, [31] a^&}F��\\m���a#n,Ny�0�\℄>L�rga. #nqBa ~13�
min
x,y

F (x, y), s.t., f(x, y) ≤ f∗
µ(x), (3.11)(7

f∗
µ(x) := min

y
f(x, y) +

µ1

2
‖y‖2 + µ2. (3.12)



2 � WI
: Y	℄/�ba4�Km�t� 135!BD�rgk~/��&F�\ ~ (3.11). ��\~LT5�P3ea log barrier 6℄
Φµ,θ,τ (x) := min

y
F (x, y) +

θ

2
‖y‖2 − τ log(f∗

µ(x)− f(x, y)). (3.13)(7� mHm�#n� θ
2‖y‖2 L�H�06℄ Φµ,θ,τ (x) L![a. rgk~��� ~aV�*FL

Step 1. gk Φµk,θk,τk(x) � xk ga{r ∇Φµk,θk,τk(x
k)

Step 2.  I xk: xk+1 = xk − αk∇Φµk,θk,τk(x
k)

Step 3. rC}wR µk, θ, τk.(7hKtem*gk{r ∇Φµk,θk,τk(x
k) "&sW. �8^\��E��JR ~ (3.12); (3.13). �(�!^4B, ?w�ua!^j9gH<+ak~/��33 ~Lm
	 ~a`3�J. "a3et(F!^\m�sWa�6. Liu et al. [29] }Fa BOME! k~!qshgZ131) .

Step 1. �Q T M{r*/�h��33 ~�
y
(t+1)
k = y

(t)
k − α∇yf(xk, y

(t)
k ), t = 0, . . . , T − 1.(g_\a y

(T )
k L y∗(xk) am��h.

Step 2. mu q̂(x, y) = f(x, y)− f(x, y
(T )
k )

Step 3. gk
λk = max

{
η − 〈∇F (xk, yk),∇q̂(xk, yk)〉

‖∇q̂(xk, yk)‖2
, 0

}

Step 4.  I (xk, yk):

(xk+1, yk+1) := (xk, yk)− ξ(∇F (xk, yk) + λk∇q̂(xk, yk)).(�k~a�513. T5, �P (3.3) apPF�
min
x,y

F (x, y), s.t., q(x, y) := f(x, y)− f∗(x) ≤ 0. (3.14)Kt"aaEEg (x0, y0) &mmXW(7a�\�w, j�Lb q(x0, y0) !tL/℄. sq(7aeOL�4&F
(xk+1, yk+1) := (xk, yk)− ξδk (3.15)/ I (xk, yk), (7a δk amuL�

δk = argmin
δ

‖∇F (xk, yk)− δ‖2, s.t., 〈∇q(xk, yk), δ〉 ≥ φk. (3.16)

1) )8#b7G [29] o"#�o:44!�M
!�, YM,"o:I447_ f(x, ·) ��n\Dh#�YX PL 'dG.



136 i m _ ℄ 2024 w(7 φk = η‖∇q(vk, θk)‖2 � 〈∇q(xk, yk), δ〉 }%m�/a3�. Z*9 ξ W)Ca?A, (�/a3��0 (3.15)  I&FD_ q O3z. w� q L/a, y"a,� q �>�aqXW
(3.14) a�\�w. sq"a,� q L3za. �?, (3.16) �0 δk W)~� ∇F (xk, yk), sq (3.15)  I&FjOD_ F 3z. (� δk amu&F (3.16) �m�6F�, �L4eak~gZ? Step 3 ; Step 4 �Fa�� PPF. �Ak0^?, gk q(xk, yk) ; ∇q(xk, yk)oUh y∗(xk). �4eak~gZ?, Z"a� y

(T )
k /�h y∗(xk) B, "a� Step 2 muH

q̂ /U� q.

3.4. �y	qUh6FaL, e 3.2 �sxSaV�:{rak~?, oO8^\336℄ f az�[℄. ye 3.3 �sxSa value-function-based k~, ��&Uhgk:{r, o8Uhgk336℄ f am�[℄`!. �LVI4, Kwon et al.a�$ [25] }FH F2SA(Fully First-

order Stochastic Approximation) k~. (�k~a:J�L�13t�43;336℄o8�m�[℄L+, 1=9gk~�F2SA k~T5�P	W3�\�J ~ (3.3) �-�2-6℄H>[C[R ~apPF�
min
x,y

max
λ

Lλ(x, y) := F (x, y) + λ(f(x, y)− f∗(x)).mu L∗
λ(x) := miny Lλ(x, y). �$ [25] 0iH, Z λ W)Ra?A, 3ea&F>=

‖∇Φ(x)−∇L∗
λ(x)‖ ≤ C/λ.(7 C > 0Lm�8℄. sq,Z λW)Ra?A, "a!q� ∇L∗

λ(x)/U�:{r ∇Φ(x).oZ1=gk ∇L∗
λ(x)? [25] �FHgk&F�

∇xLλ(x, y
∗
λ(x)) = ∇xF (x, y∗λ(x)) + λ(∇xf(x, y

∗
λ(x))−∇xf(x, y

∗(x))).(7 y∗λ(x) amuL y∗λ(x) := argminy Lλ(x, y). Kt(7Z λ W)Ra?A, Lλ(x, y) +� yL�	6℄. F2SA k~9gaeOL�� zk /�� y∗(xk), � yk /�� y∗λ(x), !B�t x�:{r\{r3z. F2SA k~!qgZ13�
for k = 0, 1, . . . ,K − 1 do

zk,0 := zk, yk,0 = yk

for t = 0, 1, . . . , T − 1 do

zk,t+1 := zk,t − γkh
k,t
fz

yk,t+1 := yk,t − αk(h
k,t
Fy + λkh

k,t
fy )

end for

zk+1 := zk,T , yk+1 := yk,T

xk+1 := xk − ξαk(h
k
Fx + λk(h

k
fxy − hk

fxz))

λk+1 := λk + δk

end for
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: Y	℄/�ba4�Km�t� 137(7a h �!L<{a{ra�h (T&bpX{r). mu13�
hk,t
fz := ∇yf(xk, zk,t), hk,t

Fy := ∇yF (xk, yk,t),

hk,t
fy := ∇yf(xk, yk,t), hk

fxy := ∇xf(xk, yk+1),

hk
Fx := ∇xF (xk, yk+1), hk

fxz := ∇xf(xk, zk+1).�(�k~?, "aN!q9< T = 1, Ny_\m�W^Mak~.

4. �-�v�f%v�?JJ`3�JLm��8Dha��A. (�eZ�a!^L Chen et al.2022 u
6 �	a arxiv Æz��$ [8]. ��$}FHZ�a`3�Ja�?JJk~. (7"a�P43;336℄oL finite-sum(3.2) a�(, �? m L�+'�a�℄. (F�+'��4�U�~�/. �H�CyfUh, �+'�a℄�&t'?��u'�. (�h��+'�8t�Sda℄�/�Qk~; IlUg, !B	lUga<+L+�4�U��u'��?. Z.� ~Lm�`3�J ~?, (� ~�_�8a��. Chen

et al.a�$ [8] �PH336℄L�	a�(. ��"a4�axS, (B�(3m
Lgk:{r, !Bt436℄\{r3z~. ��\��+'�8t�4Sda℄�/gk:{r, oZ�e i �'�4egka:{r{�L�
∇Φi(x) = ∇1Fi(x, y

∗(x))−∇12f(x, y
∗(x))

(
∇2

22f(x, y
∗(x))

)−1 ∇2Fi(x, y
∗(x)). (4.1)(7UhKt, n! ∇1Fi(x, y

∗(x)); ∇2Fi(x, y
∗(x))!q�4�+℄�_\, XL ∇12f(x, y

∗

(x))
(
∇2

22f(x, y
∗(x))

)−1 LUh��L+a. Chen et al.a�$ [8] }F�3ea�~�\m��+'�/gk(���L+
Z⊤ =

(
m∑

i=1

∇12fi(x, y)

)(
m∑

i=1

∇2
22fi(x, y)

)−1

. (4.2)"ax23Jj9�Ji := ∇12fi(x, y), Hi = ∇2
22fi(x, y). oZgk��L+ Z �p���3eazM/I ~�

min
Z∈Rq×p

1

m

m∑

i=1

1

2
Tr(Z⊤HiZ)− Tr(JiZ). (4.3)(�zM/I ~!q�7�a�?JJak~/��. Z!(Uh��+'�4�a<DG^;�L. (�L [8] aV�'q. �m|BYa�$ [9] ?, Chen et al.x2HIaeÆ,Ny&Uhgk Hessian ; Jacobian �+, y8Uhgkwa	AGa?Z. [9] �?jx2Hon}� (moving average) aeÆ. (Fo�J}=H [8] �?k~agkEQ;��r.?w�ua!^jxSH�?JJ`3�J ~ak~, �1 [15,36,48]. (7"aDg�6m�Z�a!^ [13]. �(|�$?, ^& Dong et al.}FHmBW^Ma�?JJ`3�Jk~ SLDBO. (|�$aV�=~L	 SOBA k~ [11] !\�?JJa�P. Dong

et al. [13] }Fa SLDBO k~m�6IazgL&Uhv>R (heterogeneity) n9. v>Rn9L�?JJ`3�Jk~am�8�an9. (�n9GhL�H�0��+'�4
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• (DSBO, [8] an9 2.4). n9���+'�4ea℄�oLp=��(a.

• (MA-DSBO, [9] an9 2.3). n9O�8℄ δ ≥ 0 D_3F>=
∥∥∥∥∇2fi(x, y)−

1

m

∑m

i=1
∇2fi(x, y)

∥∥∥∥ ≤ δ, ∀x, y.

• (SLAM, [37] am5 1). n9O�8℄ L ≥ 0 D_3F>=
∥∥∥∥∇

2
22fi(xi, yi)−

1

m

∑m

i=1
∇2

22fi(xi, y
′
i)

∥∥∥∥ ≤ L‖yi − y′i‖, ∀xi, yi, y
′
i.

• (SimFBO, [49] an9 4). n9O�8℄ δ1 ≥ 1 ; δ2 ≥ 0 D_3F>=
1

m

m∑

i=1

‖∇2fi(x, y)‖2 ≤ δ21

∥∥∥∥
1

m

∑m

i=1
∇2fi(x, y)

∥∥∥∥
2

+ δ22 , ∀x, y.

V�L, �&\(=v>Rn9a�(3, [13] 	 SOBA k~!\�?JJa�PLm�DRa��. SLDBO k~shgZ�k~ 4.1 ?.	q 4.1 A Single-Loop Algorithm for DBO (SLDBO)��: K Lk~ZRlUM℄�ry ; rv LE��ma8℄��U��+ W = [wij ]�*9 α, β, η

for k = 0, 1, . . . ,K − 1 do

for i = 1, . . . ,m do

dky,i = ∇2fi(x
k
i , y

k
i ); (4.4)

dkv,i = ∇2Fi(x
k
i , y

k
i )−∇2

22fi(x
k
i , y

k
i )v

k
i ; (4.5)

dkx,i = ∇1Fi(x
k
i , y

k
i )−∇2

12fi(x
k
i , y

k
i )v

k
i ; (4.6)

tky,i =
∑m

j=1
wijt

k−1
y,j + dky,i − dk−1

y,i , yk+1
i = Pry

[∑m

j=1
wij(y

k
j − βtky,j)

]
; (4.7)

tkv,i =
∑m

j=1
wijt

k−1
v,j + dkv,i − dk−1

v,i , vk+1
i = Prv

[∑m

j=1
wij(v

k
j + ηtkv,j)

]
; (4.8)

tkx,i =
∑m

j=1
wijt

k−1
x,j + dkx,i − dk−1

x,i , xk+1
i =

∑m

j=1
wij(x

k
j − αtkx,j). (4.9)

end for

end for

(7"at SLDBO(k~ 4.1) \mFshabi. .℄ ry, rv, α, β, η � [13] �$?�FH��aPF (gk&FT&UhXWa�w). (4.7), (4.8), (4.9) 3�FRt{� SOBA
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: Y	℄/�ba4�Km�t� 139k~ (3.10) alU&F. 8L�gk{r�tky,i, tkv,i, tkx,i�a?A�\H{rNT (gradient

tracking) aeÆ. � (4.7) ; (4.8) ?aj9 Pr(z) L6x z �~\�Æ� r a�7e. (��~L�8Dha*F. ��?JJ`3�Jk~?, m�:Ja ~�L1=�0lUgL��a. (jL��Z�9?(�eak~oh\v>Rn9. [13] �4Æha9g�~;�~�Æ, ?8a"H(� ~. (��~a0^�0H yki ; vki oL��a. (E����!q�[F xk
i L��a, sq"a&Uht xk

i \�~. [13] �?+� SLDBO aRCR5S�313.p} 4.1. mu x̄k = 1
m

∑m
i=1 x

k
i , ȳ

k = 1
m

∑m
i=1 y

k
i and v̄k = 1

m

∑m
i=1 v

k
i . k~ 4.1 alUXJXW3JFR.

(a) �+��g (Consensus Error). t�(ta.℄ 1 ≤ k ≤ K, 3JFR>=
1

m

m∑

i=1

‖xk
i − x̄k‖2 = O

(
1

K

)
,

1

m

m∑

i=1

‖yki − ȳk‖2 = O

(
1

K

)
,

1

m

m∑

i=1

‖vki − v̄k‖2 = O

(
1

K

)
.

(b) �pn�g (Stationarity). t�(ta.℄ K ≥ 1, 3JFR>=
min

0≤k≤K−1
‖∇Φ(x̄k)‖2 = O

(
1/
√
K
)
.(bi�� K MlU?, :5�m��'�a}�g x̄k, �t{a:{ra�℄a}�L O

(
1/
√
K
) Gaa. (�FH SLDBO k~aRCjr.

5. �b�f%v�`3�JLNm�5_+Ka��A. ��J�gL+K�U4a�J ~,8L�U�(	4m�sya�?JJ�U�(&�. ���J?, �m�?J'�;?w�+'�. ?J'�;�+'�?J!q�Q�L/\L+{D, XL�+'�4r&\L+{D. 1=���U�(?��`3�JLm�Ia$~. 	4��?JJaxS4h, ��`3�J?, "a+!�P43;336℄oL finite-sum(3.2)a�(.(�eZ�aU R!^L Kaiyi Ji $~Yam0J!^ [21, 46, 49]. �ZIa!^ [49] ?,

Yang et al.}FH SimFBO k~. �k~&UhR^M, y�!qP\;Rmj (`Z'��℄ m?, k~RCjrjp4;R}�). SimFBO shgZ13 (vk~ 5.1). (7"a!q�\�+'�;?J'�o-�H4h� SOBA a�F/ IlUg x,v,y. �+'�xm�}�a{r�4�LKi�?J'�. ?J'�xR\a{r�M\m�}�, "qL^�{r�?J'�4�Q{r�~alU. (�k~7eZB?J'� IlUga?At� v a Ij\Hm�4h� SLDBO a�~. [49] a^&0iH(�k~a;RmjR>, j0iH 8a-g��r.



140 i m _ ℄ 2024 w	q 5.1 SimFBO��: T Lk~ZRlUM℄�τ (t)i Le i ��+'�e t MÆ3lU?aZRlUM℄�*9 γy, γv, γx��~�Æ r

for t = 0, 1, . . . , T do

for i = 1, . . . ,m do

y
(t,0)
i = y(t), v

(t,0)
i = v(t), x

(t,0)
i = x(t)

for k = 0, 1, . . . , τ
(t)
i − 1 do�+'��4h SOBA(3.10) ; SLDBO(Alg 4.1) a�F I y

(t,k)
i ,v

(t,k)
i ,x

(t,k)
i

end for�+'� i tSda( τ
(t)
i MlUs�a{r\m�m�}�, j^ q

(t)
y,i, q

(t)
v,i, q

(t)
x,i��!t{� I y,v,x s�\a{r�.

end for?J'��4�LN�+'�_\ q
(t)
y,i, q

(t)
v,i, q

(t)
x,i, "�M\m�}�_\ q

(t)
y , q

(t)
v ,

q
(t)
x?J'� IlUg y,v,x

y(t+1) = y(t) − γyq
(t)
y , v(t+1) = Prv

(
v(t) − γvq

(t)
v

)
, x(t+1) = x(t) − γxq

(t)
x .

end for

6. /z&*�`3�JLm�%_a��A. +�`3�Ja�Lm��8Q�aL�. �bu\uo�?w+�`3�Ja5S, k~, {��ea!^. HH��sxSab4`3�J ~4Æ,j�mF�$OD��T�-G�a`3�J ~ak~,�1 [10,20,38]. t(FZIa�!�Fm��eaUZL�8��#Ra. "���GhxSHX�[.?a`3�Jak~, t�`3�Ja5S, �M�aq&!q.� Jane J. Ye [50, 52, 53] 	>^&am0J!^. t�`3�J��uL�a{�, !.� [12]. �M�aq&j!q.��uamF`3�JaUZ�$, �1 [30, 54] t�`3�J�X�[., gkXP�;L9J5L�a{�\H�}�ea�6. ���L�{!a, ��w|�s:pd�txS?w�u�Ta!^. ��9�zLx�, t(�L�\m�sha�6. L}���Q{~6/.
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A GENTLE INTRODUCTION TO ALGORITHMS FOR BILEVEL

OPTIMIZATION FROM MACHINE LEARNING

Ma Shiqian

(Department of Computational Applied Mathematics and Operations Research, Rice University,

Houston TX 77005, USA)

Abstract

Bilevel Optimization recently became a very active research area. This is mainly due to

its important applications from machine learning. In this paper, we give a gentle introduc-

tion to algorithms, theory, and applications of bilevel optimization. In particular, we will

discuss the history of bilevel optimization, its applications in power grid, hyper-parameter

optimization, meta learning, as well as algorithms for solving bilevel optimization and their

convergence properties. We will mainly discuss algorithms for solving two types of bilevel

optimization problems: lower-level problem is strongly convex and lower-level problem is

convex. We will discuss gradient methods and value-function-based methods. Decentralized

and federated bilevel optimization will also be discussed.

Keywords: Bilevel Optimization; First-order Methods; Hyperparameter Optimization;

Meta Learning; Decentralized Optimization; Federated Learning.
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