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1. Introduction

The bilevel programming problem is an optimization problem
in which the constraints are implicitly determined by another opti-
mization problem. In other words, it is an hierarchical optimization
problem consisting in two levels. At the upper level, the decision
maker (leader) has to choose first a strategy x to minimize his
objective function F, and the lower level decision maker (follower)
has to select a strategy y that minimizes its own objective function
f parameterized by x. Anticipating the reaction of the follower, the
leader intends to find such values for its variables which together
with the follower’s reaction minimize its objective function.

The bilevel programming problem is very hard to solve due to
its non convexity and the implicity of its feasible set. Even if all
the functions are linear and the feasible sets are polyhedron, this
problem remains non-convex. For this reason, this problem has re-
ceived a large attention especially for the linear case, see for exam-
ple Aboussoror and Mansouri (2005), Campelo et al. (2000). For an
extensive bibliography the reader can refer to Dempe (2003),
Vicente and Calamai (1994).

In this paper, we are concerned with a bilevel programming
problem where the upper level is a scalar optimization problem
and the lower level is a multi-objective optimization problem. This
situation can be interpreted either as there is a follower that has
several objectives or as there are many decision makers in the low-
er level. In this later case, the leader must take into consideration
the reaction of all of these followers. If we make the intersection
of the feasible set of the followers, we will have a multi-objective
optimization problem in the lower level.
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In a mathematical term, the problem is
(BLP) ~Min F(x,y),

(x.y)eR" xR

xeX.ye.l(x)
where ./ (x) is the set of the efficient or weakly efficient solutions of
the multi-objective optimization problem

(MOP) Min f(x,y),
yeRrR™

YEY(X)
with
F:R"xR" =R, f:R"xR" — R, XCR", and
Yx) cR™, VxeX.

This kind of problem has been considered in the first time by Bonnel
(2006), the author gave necessary optimality conditions to the
problem (BLP) when the function f is convex, and he has applied
the results to the case when f is linear. This problem has been con-
sidered also by Bonnel and Morgan (2006), the authors have treated
the problem (BLP) in the general case, where the functions f and F
are defined on Hausdorff topological space. They have used an exte-
rior penalty method to solve the problem.

In a multi-objective programming problem, several objective
functions have to be minimized simultaneously. Usually, no single
point will minimize all of the several objective functions given at
once. This is due to the fact that the space R”,p > 2, can not be or-
dered totally. Therefore, the concept of optimality has to be re-
placed by a weaker concept called efficiency or Pareto-
optimality. For this reason, we have mentioned in the problem
(BLP) that .#(x) is the set of the efficient solutions or the set of
the weakly efficient solutions of the problem (MOP). In this paper,
we deal with weakly efficient solutions. We will give the definition
of the efficiency in the next section.
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In the last decade, many authors like Benson (1984, 1983),
Benson and Sayin (1994), Bolintineanu (1993), Bolintineanu and
El maghri (1997), Gal (1977), Isermann (1977), Tamara and Miura
(1977), were interested in the linear multi-objective optimization
problem:

(LMOP) Max C;x,
xeXy

with

CieRP" Xi={xeR"/A;jx<b1,x >0}, A;eR™" and b, e R™.
After the characterization of the efficient point, they were inter-
ested in solving the problem of minimization of a function
fi1 : R" — R over the efficient set & of the problem (LMOP):

(5) Minfi(x).

Note that the efficient set & is not convex in general, and hence (S) is
a global optimization problem.
In this work, we are concerned with the following problem:

(P) Min F(x.y)

xeX};O
Ye&(x)

where &(x) is the set of the weakly efficient solution of the problem

MOP(x) Min Cy,

yeRrm
Ax+By<b

y=0
with F is a concave function on R" x R™ Ce R™™ A e RP",
B e RP™ b e RP,X is a closed subset of R* and T denotes the trans-
position. We will approach the problem (P) via an exact penalty
method inspired from Bolintineanu and El maghri (1997), El maghri
(1996). Finally, we will study the all linear case (the function F is
linear) and we will propose an algorithm.

The outline of this paper is as follows: in Section 2, we give
some preliminaries and establish a result on the existence of solu-
tions of the problem (P). In Section 3, we present the penalty meth-
od and our main result. Finally, in Section 4, we study the linear
case and we propose an algorithm illustrated by numerical
examples.

2. Preliminaries and existence of solutions

It is not possible to find an absolute solution that would be opti-
mal for all the objective functions simultaneously, because there is
no natural ordering in the objective-valued space but only a partial
order.

Set X' ={x € X/x > 0} and for all x € X", set

Yx)={y e R"/Ax+By <b, y > 0}.

Definition 2.1. Let x € X". A vector y € Y(x) is called:

(i) Efficient solution if there is no vector y € Y(x) such that
Cy < Cy and Cy # Cy.

(ii) Weakly efficient solution to the problem MOP(x) if there is
no vector y € Y(x) such that Cy < Cy.

Remark 2.1. Remark that in the definition of the objective func-
tion of the second level, we have ignored a term of the form E'x,
since for a given x, E'x is a constant in the follower’s problem
MOP(x).

Throughout the paper, we assume that the following assump-
tions are satisfied.

(Hy) [ (i) For anyxx € X*,Y(x)#0,
(ii) there exists a compact subset Z of R™, such that
Y(x) c Z for all x € X*.

(H,) The set X" is a polytope.

The following theorem and lemma show that the problem (P)
admits at least one solution.

Lemma 2.1. Under the assumptions (H;) and (Hz), &(x)#0, and &(x)
is closed.

Theorem 2.1. Suppose that the assumptions (H;) and (H,) are satis-
fied. Then, the problem (P) has at least one solution.

Proof. By Lemma 2.1, &(x) is a closed subset of the compact set
Y(x), then &(x) is compact. The proof follows by using the theorem
of Weierstrass.

3. Penalization of the problem (P)

It is well known that the principle of the penalty method con-
sists in approaching the problem (P) by a sequence of problems
(P,,) called penalized problems. Under some hypotheses, every
accumulation point of a sequence (xi),., Of solutions of the penal-
ized problems (P, ) is a solution of the problem (P).

For (x,y) € R" x R™, let the function h(x, y) be the optimal value
of the maximization problem

PL(x,y) l\/ille;x{t Cu+te<Cy, ueY(x),teR},

which is equivalent to the following maximization problem

PL(x,y) Max

min C;jy — Ciu,
ueY(®)  j=lor W = &t

in the sense that if (iI,t) solves PL(x, y), then @ solves fz(x,y),
t = h(x,y) and h(x, y) is the optimal value of the problem PL(x,y).
With e=(1,...,1)" e R" and G is the jth row of the matrix C. In
the sequel, we give some properties of the marginal function h.

Remark 3.1. Under the assumption (H;) the marginal function h is
well defined. In fact, the function min Cjy — Cju, is continuous
over the compact set Y(x). F=leer

Lemma 3.1. his a penalty function of the problem (P). In other words,
the following assertions are satisfied.

(i) VxeX, yeY(x): h(x,y) =0,
(ii) Vx e X" : 6(x) = {y € Y(x)/h(x,y) = 0}.

Proof

(i) Let x € X', y € Y(x). We have CY + 0.e < CY, thus (y, 0) is a fea-
sible solution of the problem PL(x, y). Hence h(x, y) > 0.
(ii) Let x € X" and y € &(x), thus y € Y(x).

Suppose that h(x,y) # 0. According to the assertion (i), we have
h(x,y) > 0. Then there exists a feasible solution (u, t) of the problem
PL(x, y) such that t > 0. Thus, Cu — Cy < — te <0, which contradicts
the fact that y € &(x). Inversely, let y € Y(x) such that h(x,y) = 0, and
suppose that y¢ &(x). Then there exists ue Y(x) such that
Cu—Cy<0. Therefore, we can find ¢t>0 such that
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Cu—Cy < —te<0. This contradicts h(x, y)=0 (according to the
problem PL(x, y)). Hence y € £(x). O

Lemma 3.2. h is a concave function over R" x R™.

Proof. Let x,x' € R" and y,y’ € R™. According to the definition of h,
there exists (u, v') € Y(x) x Y(x') such that
Cu+h(x,y)e<Cy and Cu' +h(x,y)e<Cy.
For o € [0, 1] we have
Clou+ (1 —o)u') + (ah(x,y) + (1 —a)h(x',y'))e
< Clay + (1 = a)y).
It is easy to show that o + (1 — a)u’ € Y(oe x + (1 — a)x’). Then
(o + (1 — ot (ah(x,) + (1 — Wh(¥,Y)

is a feasible solution of the problem PL(ax + (1 — o)X/, ay + (1 — a)y’).
Hence

hox + (1 —a)x’ oy + (1 — o)y') > oth(x,y) + (1 — a)h(x,y),
i.e. h is a concave function over R" x R™. O

For u > 0, let the penalized problem
(P) Min +F(x,y) + pth(x,y).

xeXt
YeY(x)

Remark 3.2. A point (x,y) € R" x R™ is a feasible solution of the
problem (P,) if and only if y is a feasible solution of the problem of
the lower level MOP(x).

Theorem 3.1. Let u> 0. Under the assumptions (H;) and (Hy) the
problem (P,) has at least one solution.

Proof. According to the Lemma 3.2, F+ ph is a concave function.
Then, the penalized problem (P,) is a concave minimization prob-
lem over a polytope (assumptions (H;) and (H,)). Therefore, it
admits at least one solution which is a vertex of this polytope
(Zwart (1974), Falk and Hoffman (1976)). O

Let (1) be a positive strictly increasing sequence such that
M/ + 00, (Xy,,y,,) the optimal solution of the problem (Py,) and

denote (X, ¥i) = Xy, Yy, )-

Theorem 3.2. Under the assumptions (H;) and (H,) we have:

(1) The sequence (X, )en admits at least an accumulation point,
and every accumulation point is a solution of the problem (P).

(2) The sequences (F(Xi,¥1))ren and (h(Xk,Y)))ien are respectively,
increasing and decreasing. Besides, limih(xy, yi) = 0.

(3) limgF(Xy, yi) = F, and limgueh(xy, yi) = 0, with F denoting the
optimal value of the problem (P).

Proof

(1) The sequence (x, yi) € X" x Y(x,) which is a compact set
(assumptions (H;) and (H,)). Then, it admits at least one
accumulation point. Besides, the sequence (i), is strictly
increasing. Then, by the definition of the (x, yx) and accord-
ing to the Lemma 3.1, one has for all k e N

Fxi, Yi) + ch(%e, ¥ie) < F(Xie1,Yip1) + h e, Yiwr) - (3.1)
and

F(Xee1,Yis1) + Mich X1, Yirr) SF &1, Yiern) + B R, Vi) -
(3.2)

Denote by (x",y") a solution of the problem (P) and F" its opti-
mal value. We also have

Fxe, 1) < F(xe, Y1) + pih(xe, yie)
gF(X*7y*)+/“Lkh(X*7y*):F(X*>y*):F*' (33)

Let (x,¥) an accumulation point of the sequence (X, )icn
and let (X, Yikex, K C N, be a subsequence that converges
to (X,y). Then, by the continuity of function F, and by inequal-
ity (3.1), we have

F(x,5) < F. (34)

Now, let us show that y € £(x). In fact, it is easy to see that
y € Y(X). According to the Lemma 3.1, it is sufficient to verify
that h(x,y) = 0. By the inequalities (3.1), (3.2) and (3.3), one
deduces that the sequence (F(xy, Yi)* tih(Xk, Yi))kex con-
verges. Since the sequence (F(xx, Yx))kex converges, it follows
that the sequence (uih(Xk, Yi))kex also converges. Therefore,
the continuity of the function h, which is a concave function
over R" x R™, implies that limyh(xy,y,) = h(X,y). Suppose
that h(x,y)=0. Then, limyuh(xy, yx)=+oo, which leads to a
contradiction. Hence, h(x,, yx)=0. Since y € &(X) and using
the inequality (3.4), it follows that (x,¥) is a solution of the
problem (P).

(2

—

By the definition of x,.;, one has

F(Xk+17yk+1) + :uk+1h(xk+17yk+l) < F(kayk) + :uk+1h(xk7yk)'
(35)

In the inequality (3.1), it is easy to see that if (h(Xk,¥;))en IS @
decreasing sequence, then (F(Xk,y\))icn 1S an increasing se-
quence. Besides, by adding the inequalities (3.1) and (3.5),
we obtain

(:ukﬂ - Auk)(h(xkﬂ:ykﬂ) - h(xk7ylc)) <0.

Then, the result follows from the fact that the sequence
(My)ren s strictly increasing. Let us show now that limy
h(xy, yx) = 0. Since the sequence (h(Xk, ¥x))x is bounded from
below by 0 (Lemma 3.2) and is decreasing, then it is conver-
gent. Set h its limit and let us consider an accumulation point
(x,y) of the sequence (Xi,Y;)in- By the assertion (1), (x,y) is
an optimal solution of the problem (P). Since h is continuous
then, h = h(X) and also h = 0.

(3) According to the inequality (3.3), the sequence (F(Xk,Yi))ken
is bounded. Then, by the assertions (1) and (2) it converges
to F". Using again (3.3), one obtains limguh(xi, yi)=0. O

In the sequel, denote .7, the set of solutions of the problem (P,,),
and .« the set of solutions of the problem (P). Recall that .«/#0
(Theorem 3.2) and for all & > 0, .«7,,#0. Then, we have the following
lemma.

Lemma 3.3. Under the assumptions (H;) and (H), the following
assertions are satisfied.

(1) Let (Xu,y,) € . If h(xy, y) = 0, then (xy,y,) € .
(2) If there exists o > 0, such that .« N .o/, #0, then for all u> g,
we have <o/ = .o/,,.

Proof

(1) By the definition of the (x,, y,) and according to the Lemma
3.1, 0ne has y, € £(x,), and for all y € £(x) C Y(x) :
F(xu, ) = F(xu, y) + 1h(Xy,y,) < F(X,y) + pth(x, y).

Hence the assertion (1) is satisfied.
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(2) Let (Xy,,¥y,) € o Ny, and for all u> o, let (x,,y,) € .
Then according to the Lemma 3.1 and to the definition
of the (x4, yu) and (xu,y,,) one has F"=F(x,,y,,) =
FXug:Yuy) + Mo (g V) < F(Xp ) + ol (Xu,¥,) < F(xy,
yu) + Auh(xﬂh)/,u) < F(x!luv.)/u0)+ :uh(xllgvyuo) =F.

Therefore, (1 — po)h(x,, y,)=0. Since p# o, it follows that
h(x,, y,) = 0. Hence (x,,y,) € </ (assertion 1).

Now, let us show the inverse inclusion. Let (x*,y*) € .«/, then
X eX and y eY(x). For u>puo Let (x4,y,) € /u Then,
(Xu,y,) € . Thus

F(x',y") + ph(x",y") = Fx",y") = F(xu,y,.) = F(Xu,¥,)) + Uh(Xp, ¥,

hence x* € «7,. O
Now, we are in a position to show that the penalty is exact.

Theorem 3.3. Suppose that the assumptions (H;) and (H) are
satisfied. Then

(1) There exists u' > 0, such that the problems (P) and (P,.) are
equivalent.

(2) Assume that for all x € V(X*), Y (x)#&(x) (which is equivalent to
V(Y(x))\ &(x)7#0, where V(X*) and V(Y(x)) denote the sets of
the vertices of X and Y(x), respectively). Set

w=Inf{u>0:no,#0}, m =MinF(xy),
xeX*t

YeY(x)
M =MaxF(x,y) and M= Min h(x,y),
xeX* xeV(X*)
yeY(x) yeY(x)
YgE(x)NV(Y(x)

then M- > yp*.

Proof

(1) Let (xx, yi) € V(X") x V(Y(x), be a solution of the problem
(Py,)- Let (X, ¥)rek» K € N, be a subsequence converging to
(%,) € . Since V(X") is finite, it follows that there exists
ko € K, such that for all k > ko, (xx,y,) = (%,¥). Hence, there
exists > 0, such that .« N .7, #0. Set

w=Inf{u>0:.nNA,#0},

and let pu> i, Denote ./ = {pt>0: o/ N/, #0}. Then p is
not a lower bound of the set .#. Hence, there exists ' < u,
such that ¢ € .. One gets the result by applying the asser-
tion (2) of the Lemma 3.3.

(2) Let u; =M= M and m’ exist because they are the optimal
values of the continuous function F over a polytope. Besides,
one has for all x € V(X"), &(x) N V(Y (x))#0 (see e.g. Luc, 1989;
Theorems 2.10 and 2.11, p. 91). Thus, M exists. According to
the Lemma 3.1 and the fact that M — m’ > 0, one has M > 0.
Thus, p; exists and p;>0. Otherwise, let (xy,
V) VX)) x V(x,) and pu>py. By the definition of
(% ¥y, for all (x, y) € X x Y(x), one has

F(xu,y,) + uh(xy,y,,) < F(x,y) + pth(x,y).
In particular for (x*,y*) € X™ x &(x*) and by using the asser-
tion (2) of the Lemma 3.1, one also has

F(xu.y,) + uh(xy,y,) < F(x',y") <M. (3.6)

Now, suppose that y, ¢ 6(x,). Then by the Lemma 3.1, one
has h(x,, y,) > 0. Hence, for all > u; the inequality (3.6) im-
plies that

M - m’ = M 7F(x/hyu) = :uh(x,uayu) > H]h(xlhyu)'

By dividing by p;, one obtains M > h(x,,, y,), which contra-
dicts the definition of M. Hence y, € &(x,). The assertion (1)
of Lemma 3.1 and the assertion (2) of Lemma 3.3 imply that
(X4,¥,) € /. Thus, for all u>uy, /N0 Hence
= O
Now, we present an algorithm model based on the mathemati-
cal results above.

Algorithm 3.1.
Initialization:
Define a positive increasing sequence p, + oo and set k = 0.
Iteration (k) :
Solve the concave program (P, ) and let (x;, yj) its solution.
If h(xk, yx) = 0, then STOP : (xy, yi) is a solution of the problem
(P)

Else k«k + 1, and return to iteration k.

Example 3.1. Let
Fix,y)=x-4y, C=(1,2)", X" ={xecR:0<x<3},
and

YX)={yeR"/—x—-y<-3,-2x+4y<0,2x +y < 12,
—3x+ 2y < —4}.

The problems (P) and PL(x,y) are written as follows:

(P) MinF(x,y) =x 4y,

xeX*
yes(x)

where &(x) is the set of the weakly efficient solution of the
problem

MOP(X) MinyEY(x)Cy = (y72Y)T7

PL(x,y) Max,{t: (u,t) € Z(x,y)},

where Zx,y)={Uu,t) eR* xR/ —u<x—3;u<2x;u < —2x+
12;2u < 3x —4;u+t < y;2u +t < 2y}. Hence for all x € X', y € Y(x),
we have h(x, y)=2x+2y — 6, and

Min (u+1)x+ 2u—4)y —6u

s.t

—X-y< -3,

—-2x+4y <0,

2x+y <12,

-3x+ 2y < -4,

x < 3,

x,y = 0.

The problem (P,) is a parameter linear programming problem. De-

note by (x;,y;) an optimal solution of the problem (P,) and F,, its
optimal value. One has the following result

U Xy Vi I h(x;,y;)
0.1 3 15 27 3
033 3 1.5 ~2.02 3
0.34 2 1 -2 0
1 2 1 2 0
5 2 1 -2 0
10 2 1 2 0

Since for all it > 0.34, one has h(x,,,y;) = 0 then, the point (2, 1)
is a solution of the problem (P,).
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4. All linear case

In the sequel, we consider that the function F is given by
Fx,y)=d'x+g'y

withd e R", g € R™.
The problem (BLP) is written as

(BLP) Min d'x+g'y,

xeXx=0

yes(x)
where &(x) is the set of the weakly efficient solution of the linear
multi objective problem MOP(x).

By using the linearity of the function F, we will transform the
resolution of the problem (BLP) to the resolution of a sequence of
bilinear programming problems.

Now, we give a formulation of the problem (P,).

The dual problem of PL(x, y) is

Min,, (b—Ax)"y+i"'Cy

s.t

DL(x,y){ By +C"4 = 0,
Me=1,
LeR,, yeRP.

Since the problem PL(x, y) has a solution (Lemma 2.1), then from the
theory of linear programming, h(x, y) is the common optimal value
of the problem PL(x, y) and DL(x, y). Then

h(x,y) = Min, ;yco (b — Ax)"y + 2"Cy,

where 2 = {(4,7) e R x R"/2'e=1,C"/ + B"y > 0}.
Replacing h(x, y) by its expression, the problem (P,) becomes
Min(d'x +g'y) + Min (b — A"y + wiCy,
X LY)ED

xeX*t
YeY(x)

that is also equivalent to

Min,,,., d'x+g'y+ ub—Ax)"y + wi'Cy
st

xeX,

yeYx),

(A7) € 2.

Then, if we use the explicit form of 2 and Y(x), we obtain the
following parameter bilinear program

Min,,,, d'x+g'y+ ub—Ax)"y + ui'Cy
s.t
Ax + By < b,

=
=
)
),
Ny
+
o
3,
~
\%
o

LeR,
xeX',

yERE,
y eRT.

Now, we present an algorithm, in which one solve at each iter-
ation just a bilinear program without computing the function h.

Algorithm 4.1
Initialization :
Define a positive increasing sequence fy " + co and set k = 0.
Iteration (k):
Solve the bilinear program (P,) and let (X, Vi, A Vi) its
solution.

If
(b—Ax)Ty + "¢y =0, (€)

then STOP : (xi, yi) is a solution of the problem (P).
Else k—k + 1, and return to iteration k.

Remark 4.1. The condition (%) is merely the condition h(xy, yx) =0
(assertion 1) of the Lemma 3.3).

Remark 4.2. Many authors propose algorithms that solve the
bilinear problem (P, ). The reader can refer to Gallo and Ulkucco
(1977), Konno (1976).

Example 4.1. We come back to the problem from the Example 4.1.
One has d=1, g= —4, A=(-1,-2, 2, =3), B=(-1, 4, 1, 2)T,
C=(1,2),b=(-3,0,12, -4)".

Then (b—Ax)'=(-3+x, 2x, 12—-2x, —4+3x), and A'Cy=
J1y +227y. Denote by f,, the objective function of the problem
(P,), thus

fu®,y,4,7) =x =4y = 3uy; + 120y; — 4pp, + px(y; + 2y, — 293
+374) + W +222).

Hence, the problem (P,) can be written as

Minx‘y/i,y f/.t (vav j'v y)
s.t

M+20 =1 +49,+73+2p, 2 0,
—X-y< -3
—-2x+4y <0,

(Pu) §2x+y<12,
—3x+ 2y < -4,

x < 3,

M+ia=1,

LeR?, yeR?,
XeR, yeR,.

Let (x,, ¥, 4., v;,) be an optimal solution of the problem (P,), F;,
its optimal valueand a = (b — Ax;)Ty;, + )vTCy;‘L. We have the follow-
ing result

14 Xp Vi Yia Ve Viz Via A Ao F a
0.1 3 1.5 0 0 0 0 1 0 -285 1.5
0.4 3 15 0 0 0 0 1 0 24 1.5
066 3 15 O 0 0 0 1 0 -2.01 1.5
067 2 1 1 0 0 0 1 0 -2 0
1 2 1 1 0 0 0 1 0 -2 0
5 2 1 1 0 0 0 1 0 -2 0

100 2 1 1 0 0 0 1 0 -2 0

For all u > 0.67, one has (b —Ax;)Ty’;t +ATCy; =0 then, the
point (2.1) is a solution of the problem (P).

Acknowledgement

We would like to express our gratitude to the referees, who sug-
gested several improvements to our manuscript.

References

Aboussoror, A., Mansouri, A., 2005. Weak linear bilevel programming problems:
Existence of solutions via a penalty method. Journal of Mathematical Analysis
and Applications 304, 399-408.



Z. Ankhili, A. Mansouri/European Journal of Operational Research 197 (2009) 36-41 41

Benson, H.P., 1983. Efficiency and proper efficiency in vector maximization with
respect to cones. Journal of Mathematical Analysis and Applications 93, 273-
289.

Benson, H.P., 1984. Optimization over the efficient set. Journal of Mathematical
Analysis and Applications 98, 560-580.

Benson, H.P., Sayin, S., 1994. Optimization over the efficient set: Four special cases.
Journal of Optimization Theory and Applications 80 (1), 3-18.

Bolintineanu, S., 1993. Optimality conditions for minimization over the (weakly or
properly) efficient set. Journal of Mathematical Analysis and Applications 173
(2), 523-541.

Bolintineanu, S., El maghri, M., 1997. Pénalisation dans I'optimisation sur
I'ensemble faiblement efficient. R.A.LR.O/Operation Research 31 (3), 295-310.

Bonnel, H., 2006. Optimality condition for the semivectorial bilevel optimization
problem. Pacific Journal of Optimization 2 (3), 447-468.

Bonnel, H., Morgan, J., 2006. Semivectorial bilevel optimization problem: Penalty
approach. Journal of Optimization Theory and Applications 131 (3), 365-382.

Campelo, M., Dantas, S., Scheimberg, S., 2000. A note on a penalty functions
approach for solving bilevel linear programs. Journal of Global Optimization 16,
245-255.

Dempe, S., 2003. Annotated bibliography on bilevel programming and
mathematical programs with equilibrium constraints. Optimization 52, 333-
359.

El maghri, M., 1996. Optimisation vectorielle: Théorie et algorithme. Thése,
Université de Perpignan.

Falk, J.E., Hoffman, K.R.,, 1976. A successive underestimation method for concave
minimization problems. Mathematical of Operations Research 1 (3),
251-259.

Gal, T., 1977. A general method for determining the set of all efficient solutions to a
linear vector maximum problem. European Journal of Operational Research 1,
307-322.

Gallo, G., Ulkucco, A., 1977. Bilinear programming: An exact algorithm.
Mathematical Programming 12, 173-194.

Isermann, H., 1977. The enumeration of the set of all efficient solutions for all a
linear multiple objective program. Operational Research Quarterly 28, 711-725.

Konno, H., 1976. A cutting plane algorithm for solving bilinear programs.
Mathematical Programming 11, 14-27.

Luc, D.T., 1989. Theory of Vector Optimization. Lectures Notes in Economics and
Mathematical Systems. Springer Verlag, Berlin.

Tamara, K., Miura, S., 1977. On linear vector maximization problems. Journal of the
Operations Research Society of Japan 20, 139-149.

Vicente, L.N., Calamai, P.H., 1994. Bilevel and multi-level programming: A
bibliography review. Journal of Global Optimization 5, 291-306.

Zwart, P.B., 1974. Global maximization of a convex function with linear inequality
constraints. Operations Research 22 (3), 602-609.



	An exact penalty on bilevel programs with linear vector optimization lower level
	Introduction
	Preliminaries and existence of solutions
	Penalization of the problem (P)
	All linear case
	Acknowledgement
	References


