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Abstract

The Grassmann manifold of linear subspaces is important for the mathematical modelling of a
multitude of applications, ranging from problems in machine learning, computer vision and image
processing to low-rank matrix optimization problems, dynamic low-rank decompositions and model
reduction. With this work, we aim to provide a collection of the essential facts and formulae on
the geometry of the Grassmann manifold in a fashion that is fit for tackling the aforementioned
problems with matrix-based algorithms. Moreover, we expose the Grassmann geometry both from
the approach of representing subspaces with orthogonal projectors and when viewed as a quotient
space of the orthogonal group, where subspaces are identified as equivalence classes of (orthogonal)
bases. This bridges the associated research tracks and allows for an easy transition between these
two approaches.

Original contributions include a modified algorithm for computing the Riemannian logarithm map
on the Grassmannian that is advantageous numerically but also allows for a more elementary, yet
more complete description of the cut locus and the conjugate points. We also derive a formula for
parallel transport along geodesics in the orthogonal projector perspective, formulae for the derivative
of the exponential map, as well as a formula for Jacobi fields vanishing at one point.
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Notation
Symbol Matrix Definition Name
I, diag(1,...,1) € RP*? Identity matrix
Inp (¢) erRm®
Sym,, {X eR™™ | X = X"} Space of symmetric matrices
O(n) {QeR™™ | QTQ =1,=QQ"} | Orthogonal group
ToO(n) {QQeR™™ | QT = -} Tangent space of O(n) at Q
St(n,p) {U e R™P | UTU = I,,} Stiefel manifold
Ty St(n,p) {D eR™? | UTD = -DTU} Tangent space of St(n,p) at U
Gr(n, p) {P € Sym,, | P = P, rank(P) = p} | Grassmann manifold
TpGr(n,p) {A € Sym, | A=PA+ AP} Tangent space of Gr(n,p) at P
UL (U UL) €0O(n) Orthogonal completion of U € St(n, p)
gt (D1, Do) tr(D{ (In — SUUT)D») (Quotient) metric in TySt(n, p)


mailto:bendokat@imada.sdu.dk
mailto:zimmermann@imada.sdu.dk
https://sites.uclouvain.be/absil/

geT (A1, Az) 1tr(AT Az) Riemannian metric in TpGr(n, p)
795(Q) QL. p Projection from O(n) to St(n,p)
75%(U) vu”T Projection from St(n,p) to Gr(n, p)
7°%(Q) QI I, Q" Projection from O(n) to Gr(n,p)
Very St(n, p) {UA e R™™P | AT = —A € RP*P} | Vertical space w.r.t. 75¢
Hory St(n, p) {U.B e R"*? | B e R(m=P)xP} Horizontal space w.r.t. 75¢
Aber AU € R™*P Horizontal lift of A € TpGr(n,p) to Hory St(n, p)
U] {UR € St(n,p) | R € O(p)} Equivalence class representing a point in Gr(n, p)
ExpS*(tA) 75G(UV cos(tX) + Q sin(tX)) Riemannian exponential for Al "X Qxv7’ e
Hory St(n, p)
Log8r (F) A € TpGr(n,p) s.t. Exp$'(A) = F | Riemannian logarithm in Gr(n, p)
Kp(A1, Ay) tr?é?iﬁ?gﬁgiﬁﬁi):)))z Sectional curvature of Gr(n, p)

1 Introduction

The collection of all linear subspaces of fixed dimension p of the Euclidean space R™ forms the Grassmann
manifold Gr(n,p), also termed the Grassmannian. Subspaces and thus Grassmann manifolds play an
important role in a large variety of applications. These include, but are not limited to, data analysis and
signal processing [21, 46, 47], subspace estimation and subspace tracking [42, 13, 6, 60], computer vision
[15, 8, 40, 41, 52], structured matrix optimization problems [18, 2, 3], dynamic low-rank decompositions
[23, 32], projection-based parametric model reduction [5, 43, 61, 63] and electronic structure theory [14].
Moreover, Grassmannians are extensively studied for their purely mathematical aspects [37, 55, 56, 57,
49, 39, 33] and often serve as illustrating examples in the differential geometry literature [31, 26].

In this work, we approach the Grassmannian from a matrix-analytic perspective. The focus is on the
computational aspects as well as on geometric concepts that directly or indirectly feature in matrix-based
algorithmic applications. The most prominent approaches of representing points on Grassmann manifolds
with matrices in computational algorithms are

e the basis perspective: A subspace U € Gr(n,p) is identified with a (non-unique) matrix U € R"*?
whose columns form a basis of U. In this way, a subspace is identified with the equivalence class of
all rank-p matrices whose columns span /. For an overview of this approach, see for example the
survey [2]. A brief introduction is given in [28].

e the ONB perspective: In analogy to the basis perspective above, a subspace U may be identified
with the equivalence class of matrices whose columns form an orthonormal basis (ONB) of ¢/. This
is often advantageous in numerical computations. This approach is surveyed in [18].

e the projector perspective: A subspace U € Gr(n,p) is identified with the (unique) orthogonal pro-
jector P € R™ ™ onto U, which in turn is uniquely represented by P = UU”, with U from the ONB
perspective above. For an approach without explicit matrices see [39], and for the approach with
matrices see for example [27, 7, 28].

e the Lie group perspective: A subspace U € Gr(n,p) is identified with an equivalence class of orthog-
onal n x n matrices. This perspective is for example taken in [21, 51].

These approaches are closely related and all of them rely on Lie group theory to some extent. Yet, the
research literature on the basis/ONB perspective and the projector perspective is rather disjoint. The
recent preprint [34] proposes yet another perspective, namely representing p-dimensional subspaces as
symmetric orthogonal matrices of trace 2p — n. This approach corresponds to a scaling and translation
of the projector matrices in the vector space of symmetric matrices, hence it yields very similar formulae.



Raison d’étre and original contributions We treat the Lie group approach, the ONB perspective
and the projector perspective simultaneously. This may serve as a bridge between the corresponding
research tracks. Moreover, we collect the essential facts and concepts that feature as generic tools and
building blocks in Riemannian computing problems on the Grassmann manifold in terms of matrix
formulae, fit for algorithmic calculations. This includes, among others, the Grassmannian’s quotient space
structure, the Riemannian metric and distance, the Riemannian connection, the Riemannian exponential
and its inverse, the Riemannian logarithm, as well as the associated Riemannian normal coordinates,
parallel transport of tangent vectors and the sectional curvature. Wherever possible, we provide self-
contained and elementary derivations of the sometimes classical results. Here, the term elementary is to
be understood as “via tools from linear algebra and matrix analysis” rather than “via tools from abstract
differential geometry”. Care has been taken that the quantities that are most relevant for algorithmic
applications are stated in a form that allows calculations that scale in O(np?).

As novel research results, we provide a modified algorithm for computing the Riemannian logarithm
map on the Grassmannian that has favorable numerical features and additionally allows to (non-uniquely)
map points from the cut locus of a point to its tangent space. Therefore any set of points on the
Grassmannian can be mapped to a single tangent space. In particular, we give explicit formulae for
the (possibly multiple) shortest curves between any two points on the Grassmannian as well as the
corresponding tangent vectors. Furthermore, we present a more elementary, yet more complete description
of the conjugate locus of a point on the Grassmannian, which is derived in terms of principal angles
between subspaces. We also derive a formula for parallel transport along geodesics in the orthogonal
projector perspective, formulae for the derivative of the exponential map, as well as a formula for Jacobi
fields vanishing at one point.

Organization Section 2 introduces the quotient space structure of the Grassmann manifold and pro-
vides basic formulae for representing Grassmann points and tangent vectors via matrices. Section 3
recaps the essential Riemann-geometric aspects of the Grassmann manifold, including the Riemannian
exponential, its derivative and parallel transport. In Section 4, the Grassmannian’s symmetric space
structure is established by elementary means and used to explore the sectional curvature and its bounds.
In Section 5, the (tangent) cut locus is described and a new algorithm is proposed to calculate the pre-
image of the exponential map, i.e. the Riemannian logarithm where the pre-image is unique. Section 6
addresses normal coordinates and local parameterizations for the Grassmannian. In Section 7, questions
on Jacobi fields and the conjugate locus of a point are considered. Section 8 concludes the paper.

2 The Quotient Structure of the Grassmann Manifold

In this section, we recap the definition of the Grassmann manifold and connect results from [18, 7, 39, 27].
Tools from Lie group theory establish the quotient space structure of the Grassmannian, which gives rise
to efficient representations. The required Lie group background can be found in the appendix and
in [24, 35].

The Grassmann manifold (also called Grassmannian) is defined as the set of all p-dimensional sub-
spaces of the Euclidean space R", i.e.,

Gr(n,p) :={U C R™ | U is a subspace, dim(U) = p}.
With a slight abuse of notation, this set can be identified with the set of orthogonal rank-p projectors,
Gr(n,p) ={P e R"" | PT = P, P> =P, rank P = p}, (2.1)

as is for example done in [27, 7]. Note that a projector P is symmetric as a matrix (namely, P7 = P) if and
only if it is orthogonal as a projection operation (its range and null space are mutually orthogonal) [48,
§3]. The identification in (2.1) associates P with the subspace U := range(P). Every P € Gr(n,p) can in
turn be identified with an equivalence class of orthonormal basis matrices spanning the same subspace;
an approach that is for example chosen in [18]. These ONB matrices are elements of the so called Stiefel
manifold

St(n,p) == {U e R | UTU =1, } .



The link between these two sets is via the projection
5% St(n,p) — Gr(n,p), U — UUT.

To obtain a manifold structure on Gr(n,p) and St(n,p), we recognize these matrix sets as quotients
of the orthogonal group
O(n):={QeR™™ | QTQ=1,=QQ"}, (2:2)

which is a compact Lie group. For a brief introduction to Lie groups and their actions, see Appendix A.
The link from O(n) to St(n,p) and Gr(n,p) is given by the projections

708 O(n) — St(n,p), Q@ +— Q(:,1:p),
where Q(:,1 : p) is the matrix formed by the p first columns of @, and
7196 .= 75¢ 0 795. O(n) — Gr(n, p),
respectively. We can consider the following hierarchy of quotient structures:

Two square orthogonal matrices Q,Q € O(n) determine the same rectangular, column-
orthonormal matrix U € R™*?_ if both Q and Q feature U as their first p columns. Two
column-orthonormal matrices U, U € R™*P determine the same subspace, if they differ by an
orthogonal coordinate change.

This hierarchy is visualized in Figure 2.1. In anticipation of the upcoming discussion, the figure already
indicates the lifting of tangent vectors according to the quotient hierarchy.

2.1 The Manifold Structure of the Grassmannian

In order to formally introduce the submanifold structure of the Grassmannian and various expressions
for tangent vectors, we start with the orthogonal group O(n), which is the domain of 705 and 7°¢. The
Lie algebra of O(n) is the set of skew-symmetric matrices

so(n) :=T;0(n) = {Q € R™*" ‘ Of = —-Q}.
The tangent space at an arbitrary @ € O(n) is therefore given by the left translates
ToO(n) ={QQ | Q €so(n)}.

Restricting the Euclidean matrix space metric (A, B)o = tr(AT B) to the tangent spaces turns the manifold
O(n) into a Riemannian manifold. We include a factor of % to obtain metrics on the Stiefel and Grassmann
manifold, in Subsections 2.2 and 3.1, respectively, that comply with common conventions. This yields
the Riemannian metric (termed here metric for short) 98: ToO(n) x TgO(n) = R,

93(02.0) = (Q.Q8) = 3 tr ((Q7QR) = 5 ur (270)

In order to obtain a smooth manifold structure on the set of orthogonal projectors Gr(n,p), define an
isometric group action of O(n) on the symmetric n x n matrices Sym,, by

®: O(n) x Sym,, — Sym,,, (Q,S) — QSQT.

Introduce
Py = L 0 € Gr(n,p)
. 0 O b )

which is the matrix representation of the canonical projection onto the first p coordinates with respect
to the Cartesian standard basis. The set of orthogonal projectors Gr(n, p) is the orbit ®(O(n), Py) of the
element Py under the group action ®: Any matrix QPyQ” obviously satisfies the defining properties of
Gr(n, p) as stated in (2.1). Conversely, if P € Gr(n,p), then P is real, symmetric and positive semidefinite
with p eigenvalues equal to one and n — p eigenvalues equal to zero. Hence, the eigenvalue decomposition



Figure 2.1: Conceptual visualization of the quotient structure of the Grassmann manifold. The double
brackets [[-]] denote an equivalence class with respect to 79¢ = 75 o 795, while the single brackets []
denote an equivalence class with respect 795 or 75¢, depending on the element inside the brackets. The
tangent vectors along an equivalence class for a projection are vertical with respect to that projection,
while the directions orthogonal to the vertical space are horizontal. Correspondingly, the horizontal lift
of a tangent vector A € TpGr(n,p) to TySt(n,p) or ToO(n) is orthogonal to all vertical tangent vectors
at that point. With respect to the projection 75% from the Stiefel to the Grassmann manifold, the green
tangent vector Afl}" is horizontal and the magenta tangent vector (along the equivalence class) is vertical.
On the other hand, the magenta tangent vectors in O(n) (pointing to the left) are horizontal with respect

to 935 but vertical with respect to 79C.

(EVD) P = QAQT = QPyQ" establishes P as a point in the orbit of Py. In other words, we have
confirmed that
706G = <I>|O(n)x{po}: O(n) — Gr(n,p), Q — QP,QT, (2.3)
maps into Gr(n,p) and is surjective.
The stabilizer of ® at Py is given by H = {( % 1%) € O(n) | R1 € O(p), Ry € O(n —p)} =
O(p) x O(n — p), since it is readily seen that Q € O(n) fulfills QPyQ” = Py if and only if @ = (7' 2 ).
The equivalence classes of O(n)/(O(p) x O(n — p)) are

Q1 = (+°%) (x4 (@)
~{acom|a=e(f p) (0 5)en} (2.4

or in other words Q ~ @ if and only if FOG(@) = 7199(Q). This equivalence relation collects all orthogonal
matrices whose first p columns span the same subspace into an equivalence class. The manifold structure
on O(n)/(O(p) x O(n — p)) is by definition the unique one that makes the quotient map

O(n) = O(n)/(O(p) x O(n —p)): @ — [[Q]]

a smooth submersion, i.e., a smooth map with surjective differential at every point. Proposition A.2 in
the appendix shows that Gr(n,p) = O(n)/(O(p) x O(n — p)) is an embedded submanifold of Sym,,, since
O(n) is compact. Therefore 7°¢ is also a smooth submersion. Furthermore, we have

dim(Gr(n, p)) = dim(O(n)) — dim(O(p) x O(n - p)) = (n — p)p.



The differential of the projection 7°¢ at @ € O(n) is a linear map d7r8G: TqO(n) — Troc(q)Gr(n,p),
where TgO(n) and Troc(g)Gr(n,p) are the tangent spaces of O(n) and Gr(n,p) at @ and 79%(Q),
respectively. The directional derivative of 7% at @ € O(n) in the tangent direction Q2 = Q(4 ’gT) €
ToO(n) is given by

(O (4(1))) = &

d
drg®(QQ) = —
e () t=0 dt

dt

aoron=e(y 5 ) e (25)

t=0

where : t — y(t) € O(n) is an arbitrary differentiable curve with v(0) = @, 4(0) = Q2. Since 7°F is a
submersion, this spans the entire tangent space, i.e.,

T
TWOG(Q)Gr(n,p) = {Q (g % > QT

B¢ R(”p)XP} :

In combination with the metric 98, the smooth submersion 79¢ allows to decompose every tangent
space ToO(n) into a vertical and horizontal part, c.f. [36, Chapter 2]. The vertical part is the kernel of
the differential d7r8G7 and the horizontal part is the orthogonal complement with respect to the metric

98. We therefore have
oG oG
ToO(n) = Verg, O(n) @ Horg,  O(n),
where )
7_‘,_OG- O
Verg, O(n) = {Q (0 C) ‘ A€ so(p), C €so(n —p)}

and

Hory ' O(n) = {Q (g ‘5T> ‘ Be R(np)xp} , (2.6)

The tangent space of the Grassmann manifold at P = 7°%(Q) can now be identified with the horizontal
space at any representative Q € (7°%)~1(P) c O(n),

TpGr(n,p) = Horg O(n).

In [7], the tangent space TpGr(n,p) is given by matrices of the form [, P], where [-, ] denotes the
matrix commutator, and € sop(n) fulfilling

sop(n) :={Q €so(n) | Q=QP + PQ}. (2.7)

Writing P = QPyQ” and making use of (2.5) shows that every A € TpGr(n,p) is of the form
(0 BT\ .+ 0 —-BT\ r
a=a(y ey o )enr (28)

Since Q € sop(n) is equivalent to QTQQ € sogrpo(n) and QT PQ = Py it follows that every Q € sop(n)

is of the form .
_ 0 -B T
Q—Q(B 0 )Q .

Note that for A € TpGr(n,p), there is Q € sop(n) such that A = [Q2, P]. This  can be calculated via
Q=[A,P] €sop(n).

Proposition 2.1 (Tangent vector characterization). Let P € Gr(n,p) be the orthogonal projector onto
the subspace U. For every symmetric A = AT € R"™*" the following conditions are equivalent:

a) A € TpGr(n,p),

b) AU) CUT and AUL) C U,

¢) AP+ PA = A,

d) A =[Q,P|, where Q:=[A, P] € sop(n).



Here, A(U) := {Ax € R™ | = € U} and the orthogonal complement UL is taken with respect to the
Euclidean metric in R™.

Proof. The equivalence of a), b) and ¢) is from [39, Result 3.7]. To show c) implies d), note that
AP + PA = A implies PAP = 0 and therefore [[A, P],P] = AP + PA —2PAP = A. On the other
hand, if d) holds then A = AP + PA — 2PAP, which also implies PAP = 0 by multiplication with P
from one side. Inserting PAP = 0 into the equation shows that ¢) holds. The statement that € sop(n)
is automatically true. O

2.2 Horizontal Lift to the Stiefel Manifold

The elements of Gr(n,p) are n x n matrices (see the bottom level of Figure 2.1). The map 7°% makes it
possible to (non uniquely) represent elements of Gr(n, p) as elements of O(n)—the top level of Figure 2.1—
which are also n X n matrices. In practical computations, however, it is often not feasible to work with

n x n matrices, especially if n is large when compared to the subspace dimension p. A remedy is to resort

to the middle level of Figure 2.1, namely the Stiefel manifold St(n,p). By making use of the map 75¢,

elements of Gr(n,p) can be (non uniquely) represented as elements of St(n,p), which are n x p matrices.
The Stiefel manifold can be obtained analogously to the Grassmann manifold by means of a group
action of O(n) on R™"*?  defined by left multiplication. It is the orbit of

In,p = (I(;)) € R™*P

under this group action with stabilizer O(n — p) = {(Ié’ 10%) | Re€O(n—p)}. By Proposition A.2,
St(n,p) = O(n)/O(n — p) is an embedded submanifold of R™*P and the projection from the orthog-
onal group onto the Stiefel manifold is given by

79%:0(n) = St(n,p), Q — QI p,

the projection onto the first p columns. It defines an equivalence relation on O(n) by collecting all
orthogonal matrices that share the same first p column vectors into an equivalence class. As above,

dim(St(n, p)) = dim(O(n)) — dim(O(n — p)) = np — 5p(p+ 1),

and 795 is a smooth submersion, which allows to decompose every tangent space T, ©O(n) into a vertical
and horizontal part with respect to the metric 98. We therefore have

ToO(n) = Verdy~ O(n) @ Horgy ~ O(n),

where
VergOS O(n) = {Q (8 g) ‘ C €so(n —p)}

and A .
OS -B n—
Horg, O(n) = {Q (B 0 ) ‘Aeso(p), BeR! WP}.

By the identification
os
TySt(n,p) = Horg,  O(n),
see [18], and orthogonal completion U; € R"*("~P) of U, i.e., such that (U U.L) € O(n), the tangent
spaces of the Stiefel manifold are explicitly given by either of the following expressions
TySt(n,p) = {UA YU BeR™ | Acso(p), Be RW*I’)XP}

= {UA+ (I, -UUT)T | A€ so(p), T € R™*?} (2.9)

={QU | Q €so(n)}

={DeR™ | UT"D=-D"U}.




Note that UTU| = 0 and U}:UL =I,_p,aswell as I, = vuT + ULUI. Because different matrices T,T
may have the same orthogonal projection onto span(U,), (I, — UUT)T = (I, — UUT)T, only the first
representation in (2.9) has a number of degrees of freedom (dofs), namely ip(p — 1) (dofs of A € so(p))
plus (n — p)p (dofs of B), equal to the dimension of St(n,p) and consequently to that of Ty St(n,p).

The canonical metric ggt(-,-) on the Stiefel manifold is given via the horizontal lift. That means
that for any two tangent vectors in Dy = UA; + U; By, Dy = UAy + U By € TySt(n,p), we take a
total space representative @ € O(n) of U € St(n,p) and ‘lift’ the tangent vectors Dy, Dy € TySt(n,p)
to tangent vectors D%, D§%, € HorgOS O(n) C ToO(n), defined by d(WOS)Q(D?fQ') = D;, i =1,2. The
inner product between D;“’é, Dh°r is now computed according to the metric of O(n). In practice, this
leads to

1
9t/ (D1, Ds) == gg (D%, D5%) = tr(AlTAg) + tr(BT By)
I, —UUT)D2)

c.f. [18]. The last equality shows that it does not matter which base point @ € (79%)~!(U) is chosen for
the lift.

In order to make the transition from column-orthogonal matrices U to the associated subspaces
U = span(U), another equivalence relation, this time on the Stiefel manifold, is required: Identify any
matrices U € St(n,p), whose column vectors span the same subspace U. For any two Stiefel matrices
U,U that span the same subspace, it holds that U = UUTU. As a consequence, I, = (UTU)(UTU), so

that R = (UTU) € O(p). Hence, any two such Stiefel matrices differ by a rotation/reflection R € O(p).
Define a smooth right action of O(p) on St(n,p) by multiplication from the right. Every equivalence class

U=U) = {(7 €St(n,p) | U=UR, Re O(p)} (2.10)

under this group action can be identified with a projector UUT and vice versa. Therefore, according to
[35, Thm 21.10, p. 544], the set of equivalence classes [U], denoted by St(n, p)/O(p), is a smooth manifold
with a manifold structure for which the quotient map is a smooth submersion. To show that the manifold
structure is indeed the same as the one on Gr(n,p) (which we can identify as a set with St(n, p)/O(p)),
we show directly that the projection from St(n,p) to Gr(n,p),

759 St(n,p) — Gr(n,p), U — UUT,
is a smooth submersion. This means we have to show that the derivative of 75¢ at U, given by
d(75%)y (D) = DUT + UDT, (2.11)
is surjective. By making use of (2.8), every tangent vector A € T oc(g)Gr(n,p) can be written as
A=U,BUT +UBTUT. (2.12)

It follows that d(m5%)y is surjective, since for every A € Troc(g)Gr(n,p) we can choose UL B €
Ty St(n, p), such that d(75%) (UL B) = A.

Again, we split every tangent space Ty St(n,p) with respect to the projection 7°% and the metric
got(-,+) on the Stiefel manifold. Defining the kernel of d(75%); as the vertical space and its orthogonal
complement (with respect to the metric glsf) as the horizontal space leads to the direct sum decomposition

SG

TySt(n, p) = Very St(n, p) ® Hory St(n, p),

where

Very St(n,p) = {UA | A€ so(p)}
and
Hory St(n,p) = {ULB ’ Be RW*P)XP} = {(I, ~UUTT | T e R"™?}

(2.13)
={DeR"? | U"D =0}.



Since 75F is the only projection that we use on the Stiefel manifold, the dependence of the splitting on

the projection is omitted in the notation.

The tangent space TpGr(n,p) of the Grassmannian can be identified with the horizontal space
Hory St(n, p). Therefore, for every tangent vector A € TpGr(n, p), there is a unique AP" € Hory St(n, p),
called the horizontal lift of A to U. By (2.13), there are matrices T € R"*? and B € R("~?)*? such that

Al =ULB = (I, - UUT)T € Hory St(n, ).

Note that A?}" depends only on the chosen representative U of U, while B depends on the chosen
orthogonal completion U, as well.
Multiplication of (2.12) from the right with U shows that the horizontal lift of A € TpGr(n,p) to
U € St(n,p) can be calculated by
Al = AU (2.14)

Therefore, the horizontal lifts of A to two different representatives U and UR are connected by
Al = AR, (2.15)

which relates to [3, Prop. 3.6.1]. The lift of A € TpGr(n,p) to Q@ = (U UL) € O(n) can also be
calculated explicitly. By (2.5), (2.6) and (2.8), it is given by

_npT
AQ;f:[A,P]Q:Q(g f >€HorQO(n).

In conclusion, the Grassmann manifold is placed at the end of the following quotient space hierarchy

with equivalence classes [-] from (2.10) and [[-]] from (2.4):
Gr(n,p) = St(n,p)/O(p) ={lU]1U € St(n,p)}

IR

O(n)/(O(p) x O(n—p))  ={llQ] [ @< O(n)}.

Remark. It should be noted that there is yet another way of viewing the Grassmann manifold as a
quotient. Instead of taking equivalence classes in O(n), one can take the quotient of the noncompact
Stiefel manifold by the general linear group GL(p). This introduces a factor of the form (YTY)™! into
many formulae, where Y € R"*P is a rank p matriz with (not necessarily orthogonal) column vectors
spanning the desired subspace. For this approach see for example [2].

3 Riemannian Structure

In this section, we study the basic Riemannian structure of the Grassmannian. We introduce the canon-
ical metric coming from the quotient structure—which coincides with the Euclidean metric—and the
Riemannian connection. The Riemannian exponential mapping for geodesics is derived in the formu-
lation as projectors as well as with Stiefel representatives. Lastly, we study the concept of parallel
transport on the Grassmannian. Many of those results have been studied before for the projector or the
ONB perspective. For the metric and the exponential see for example [18, 2] (Stiefel perspective) and
[7] (projector perspective). For the horizontal lift of the Riemannian connection see [2]. A formula for
parallel transport in the ONB perspective was given in [18]. Here we combine the approaches and provide
some modifications and additions. We derive formulae for all mentioned concepts in both perspectives
and also study the derivative of the exponential mapping.

3.1 Riemannian Metric

The Riemannian metric on the Grassmann manifold that is induced by the quotient structure coincides
with (one half times) the Euclidean metric. To see this, let Ay, Ay € TpGr(n,p) be two tangent vectors
at P € Gr(n,p) and let Q = (U UL) € O(n) such that 7°%(Q) = P. The metric on the Grassmann
manifold is then inherited from the metric on O(n) applied to the horizontal lifts, i.e.

95 (A1, Ag) = g (A1, AYD). (3.1)



Let A; = [, P], where Q; € sop(n), as well as A;‘"Q' =Q( g, 7103?) and A:‘% = U, B;. We immediately
see that

1 T
911, 8) = 5 tr (A1) TARE) = tr (Al AL ) = (U7 A1A20) -
3.2
1 1
= tI‘(B{BQ) = 5 tI‘(AlAg) = 5 tI‘(QP{Qg).

The last equality can be seen by noticing [, P] = (I, — 2P)Q; for Q; € sop(n) and (I,, — 2P)? = I,,.
Although the formulae in (3.2) all look similar, notice that A;, Q;, Ai“g € R™*™ but AE‘°{, € R™*P and
B; € Rtn=p)xp,

The metric does not depend on the point to which we lift: Lifting to a different UR € St(n, p) results
in a postmultiplication of AZ“’,} with R according to (2.15). By the invariance properties of the trace, this
does not change the metric. An analogous argument holds for the lift to O(n).

With the Riemannian metric we can define the induced norm of a tangent vector A € TpGr(n,p) by

1] = /98 (A, A) = %w(T)

3.2 Riemannian Connection

The disjoint collection of all tangent spaces of a manifold M is called the tangent bundle TM = Upe T, M.
A smooth vector field on M is a smooth map X from M to T'M that maps a point p € M to a tangent
vector X (p) € T, M. The set of all smooth vector fields on M is denoted by X(M). Plugging smooth vector
fields Y, Z € X(M) into the metric of a Riemannian manifold gives a smooth function g(Y, Z): M — R.
It is not possible to calculate the differential of a vector field in the classical sense, since every tangent
space is a separate vector space and the addition of X(p) € T,M and X(q) € T,M is not defined
for p # q. To this end, the abstract machinery of differential geometry provides special tools called
connections. A connection acts as the derivative of a vector field in the direction of another vector field.
On a Riemannian manifold (M, g), the Riemannian or Levi-Civita connection is the unique connection
V:XM)x X(M) - X(M): (X,Y)— VxY that is

e compatible with the metric: for all vector fields X,Y, Z € X(M), we have the product rule
Vxg(Y,Z) = g(VxY,Z) + g(Y,VxZ).

e torsion free: for all XY € (M), VxY — Vy X = [X,Y],
where [X,Y] = X(Y) — Y(X) denotes the Lie bracket of two vector fields.

The Riemannian connection can be explicitly calculated in the case of embedded submanifolds: It is the
projection of the Levi-Civita connection of the ambient manifold onto the tangent space of the embedded
submanifold. For details see for example [36].

The Euclidean space R™*P is a vector space, which implies that every tangent space of R™"*P can be
identified with R™*? itself. Therefore, the Riemannian connection of the Euclidean space R™*P with the
Euclidean metric (B.1) is the usual directional derivative: Let F': R™*? — R™*P and X,Y € R"*P. The
directional derivative of F' at X in direction Y is then

dFx(Y) F(X +1tY).

~ dtli=o

The same holds for the space of symmetric matrices Sym,,. When considered as the set of orthogonal
projectors, the Grassmann manifold Gr(n,p) is an embedded submanifold of Sym,,. In this case, the
projection onto the tangent space is

Ir.Ge: Sym,, » TpGr(n,p), S— (I, —P)SP+ PS(I, — P), (3.3)

see also [39]. In order to restrict calculations to n x p matrices, we can lift to the Stiefel manifold and
use the projection onto the horizontal space, which is

MHor, st : R™*P — Hory St(n,p), Zw— (I, —UUT)Z, (3.4)

see also [18, 2]. Note that Hory St(n, p) = Trsc(y)Gr(n, p) as described in Subsection 2.2. The Rieman-
nian connection on Gr(n,p) is now obtained via the following proposition.
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Proposition 3.1 (Riemannian Connection). Let X € X(Gr(n,p)) be a smooth vector field on Gr(n,p),
i.e., X(P) € TpGr(n,p), with a smooth extension to an open set in the symmetric n X n matrices, again
denoted by X. Let Y € TpGr(n,p). The Riemannian connection on Gr(n,p) is then given by

Vy (X) = Mppae(dXp(Y)) = Hrper (jt‘t_oX(P + tY)) . (3.5)

It can also be calculated via the horizontal lift,

d
(Vy (X)) = Mhory se (AU = X)u (Y9™)) = (In — UUT)&

hor
t:OXUHY[;o,. (3.6)
Here R"*P 5 U X{‘,?r € R"*P s to be understood as a smooth extension to an open subset of R"*P of
the actual horizontal lift U +— XPr := (X(UUT))P" from (2.14), i.e., fulfilling d(75%)y X" = X (UUT),
where X is the vector field P +— X (P).

Proof. Equation (3.5) follows directly from the preceding discussion. It can be checked that (3.6) is
the horizontal lift of (3.5). Alternatively, (3.6) can be deduced from [44, Lemma 7.45] by noticing that
the horizontal space of the Stiefel manifold is the same for the Euclidean and the canonical metric.
Furthermore, (3.6) coincides with [2, Theorem 3.4]. O

3.3 Gradient

The gradient of a real-valued function on the Grassmannian for the canonical metric was computed in
[18] for the Grassmannian with Stiefel representatives, in [27] for the projector perspective and in [2] for
the Grassmannian as a quotient of the noncompact Stiefel manifold. For the sake of completeness, we
introduce it here as well. The gradient is dual to the differential of a function in the following sense:
For a function f: Gr(n,p) — R, the gradient at P is defined as the unique tangent vector (grad f)p €
TpGr(n,p) fulfilling

dfp(A) = gg"((grad f)p, A)

for all A € TpGr(n,p), where dfp denotes the differential of f at P. It is well known that the gradient
for the induced Euclidean metric on a manifold is the projection of the Euclidean gradient glraudeuCl to
the tangent space. For the Fuclidean gradient to be well-defined, f is to be understood as a smooth
extension of the actual function f to an open subset of Sym,,. Therefore

(grad f)p = Iz, c:((grad®™™ f)p).

The function f on Gr(n,p) can be lifted to the function f := f o 7% on the Stiefel manifold. Again,
when necessary, we identify f with a suitable differentiable extension. These two functions are linked by

((grad f)p)F" = (grad f)u = rysi((grad®™ flu) = Huory se((grad™ fv),

where Iz, s¢(X) = X — $U(XTU 4+ U7 X) is the projection of X € R"*? to Ty;St(n, p). The first equality
is [2, Equation (3.39)], while the second equality uses the same argument as above. The last equality is
due to the fact that the gradient of f has no vertical component. For further details see [18, 27, 2].

3.4 Exponential Map

The exponential map exp,,: T, M — M on a Riemannian manifold M maps a tangent vector A eT,M to
the endpoint (1) € M of the unique geodesic v that emanates from p in the direction A. Thus, geodesics
and the Riemannian exponential are related by () = exp,(tA). Under a Riemannian submersion
m: M — N, geodesics with horizontal tangent vectors in M are mapped to geodesics in N, cf. [44,
Corollary 7.46]. Since the projection 7°%: O(n) — Gr(n, p) defined in (2.3) is a Riemannian submersion
by construction, this observation may be used to obtain the Grassmann geodesics.

We start with the geodesics of the orthogonal group. For any Lie group with bi-invariant metric, the
geodesics are the one-parameter subgroups, [4, §2]. Therefore, the geodesic from @) € O(n) in direction
QN € ToO(n) is calculated via

Expg (tQQ) = Q exp, (t9),

11



where expy, denotes the matrix exponential, see (B.2). If 7°¢(Q) = P € Gr(n,p) and A € TpGr(n,p)
with A’Z,g‘" =Q(3 7]03T) € HorgOG O(n), the geodesic in the Grassmannian is therefore

Exp$F(tA) = 7€ (Q XD (t (g _fTD) . (3.7)

This formula, while simple, is not useful for applications with large n, since it involves the matrix
exponential of an n x n matrix. Evaluating the projection 79C leads to the geodesic formula from [7]:

Proposition 3.2 (Grassmann Exponential: Projector Perspective). Let P € Gr(n,p) be a point in the
Grassmannian and A € TpGr(n,p). The exponential map is given by

Expgr(A) = expm([A, P])P expm(—[4A, P)).

Proof. With Q = [A, P] = QQQT € sop(n) and Q = (2 _JgT ), the horizontal lift of the tangent vector
A = [Q, P] € TpGr(n,p) is given by QQ € HorgOG O(n), see (2.7). Then

Exp@' ([, P)) = Q expum () Lo p Ik, expn (Q7)QT
= expm (QQQT) QI 1T QT expr (QQTQT) = expu ()P expy (7).
O

If n > p, then working with Stiefel representatives reduces the computational effort immensely. The
corresponding geodesic formula appears in [2, 18] and is restated in the following proposition. The bracket
[-] denotes the equivalence classes from (2.10).

Proposition 3.3 (Grassmann Exponential: ONB Perspective). For a point P = UUT € Gr(n,p) and
a tangent vector A € TpGr(n,p), let A" € Hory St(n,p) be the horizontal lift of A to Hory St(n, p).
Let r < min(p,n — p) be the number of non-zero singular values of A',}”. Denote the thin singular value
decomposition (SVD) of AP by

A =QxVT,
ie., Q€ St(n,r),X = diag(oy,...,0.) and V € St(p,r). The Grassmann exponential for the geodesic
from P in direction A is given by

Exp% (tA) = [UV cos(t2)VT + Qsin(tX)VT + UV, V]

= [(UV cos(t%) + Qsin(tX) ‘ Uvi)l, (38)

which does not depend on the chosen orthogonal completion V .

Proof. This is essentially [18, Theorem 2.3] with a more careful consideration of the case of rank-deficient

tangent velocity vectors and a reduced storage requirement for @ if r < p. The thin SVD of B is given
by

B=UTAy =UTQxv"
with W := UEQ € St(n—p,r), Z e R™*" V € St(p,r). Let W, V| be suitable orthogonal completions.
Then,

cos(¥) 0 —sin(Z) 0 vT o

exp (O_BT>:(VVL0 0)< 0 I, 0 0 ) vl o
m\B 0 00 WW, sin(X) 0 cos(X) 0 o wT |

0 0 0 In—p-r 0o wi

which leads to the desired result when inserted into (3.7). The second equality in (3.8) is given by a post-
multiplication by (V VJ_) € O(p), which does not change the equivalence class. This postmultiplication
does however change the Stiefel representative, so (U V cos(t¥) + Q sin(tX) ‘ U VL) is the Stiefel geodesic
from (U vV U VL) in direction (QZ O). A different orthogonal completion of V' does not change the

second expression in (3.8) and results in a different representative of the same equivalence class in the
third expression. O
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The formula established in [18] uses the compact SVD Al = Q¥VT with Q € St(n,p), ¥ =
diag(oy,...,0p) and V € O(p). Then

ExpST(tA) = [UV cos(tE)VT + Qsin(t2)V7]. (3.9)
By a slight abuse of notation we also define
ExpS" (tA") = UV cos(t2)VT 4 Qsin(tx) VT (3.10)

to be the Grassmann exponential on the level of Stiefel representatives.

3.5 Differentiating the Grassmann Exponential

In this section, we compute explicit expressions for the differential of the Grassmann exponential d(Expgr) A
at a tangent location A € TpGr(n,p). One possible motivation is the computation of Jacobi fields van-
ishing at a point in Subsection 7.1. Another motivation is, e.g., Hermite manifold interpolation as in [62].
Formally, the differential is the linear map

A(Exp$)a: Ta(TpGr(n,p)) — Texpar(a)Gr(n, p). (3.11)

The tangent space to a linear space can be identified with the linear space itself, so that Ta (TpGr(n, p)) =
TpGr(n,p). We also exploit this principle in practical computations. We consider the exponential in the
form of (3.9). The task boils down to computing the directional derivatives

r A d r A
d(Exp$)a(A) = Tl Exp3 (A 4 tA), (3.12)

where A, A € TpGr(n,p). A classical result in Riemannian geometry [36, Prop. 5.19] ensures that for
A = 0 € TpGr(n,p) the derivative is the identity d(Exp$)o(A) = A. For A # 0, we can proceed as
follows:

Proposition 3.4 (Derivative of the Grassmann Exponential). Let P = UUT € Gr(n,p) and A, A €
TpGr(n,p) such that A?}" has mutually distinct, non-zero singular values. Furthermore let A?j" =QxVvT
and (A4tAYe = Q)X ()V (1) be the compact SVDs of the horizontal lifts of A and A+tA, respectively.
Denote the derivative of Q(t) evaluated at t =0 by Q = %|t:0Q(t) and likewise for () and V (t).' Let

Y :=UV cos(X) 4+ @sin(X) € St(n,p)

and
[ := UV cos(X) — UV sin(2)% 4 Qsin(X) 4+ Q cos(X)Y € Ty St(n, p).

Then the derivative of the Grassmann exponential is given by
d(ExpE)a(A) =TYT +vT7T € Teyper(a)Gr(n,p) C R™>™, (3.13)

The horizontal lift to Y is accordingly
a .\ hor
(d(ExpPr)A(A))Y = (I, —YYT)I =T + YTTY € R™*?. (3.14)

Proof. The curve ~(t) := ExpS"(A + tA) on the Grassmannian is given by
v(t) = 73C (UV(t) cos(E@)V ()T + Q) sin(E(®)V(H)T),

according to (3.9). Note that this is in general not a geodesic in Gr(n,p) but merely a curve through
the endpoints of the geodesics from P in direction A + tA. That is to say, it is the mapping of the
(non-radial) straight line A +tA in TpGr(n,p) to Gr(n,p) via the exponential map. The projection 75%
is not affected by the postmultiplication of V (¢)7 € O(p), because of the nature of the equivalence classes
in St(n,p). Therefore we set

1 [0,1] = St(n,p),  pu(t) = UV (1) cos(S(1)) + Q1) sin(Z(1))

1The matrices @, and V can be calculated via Algorithm B.2.
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and have (t) = 75%(u(t)). The derivative of  with respect to ¢ evaluated at ¢ = 0 is then given by

o0 =S| S u0) = 43 (4(0) = OO + u(0)i(0)". (3.15)

But with the definitions above, Y = p(0) and T' = £(0), so (3.15) is equivalent to (3.13). The horizontal
lift of (3.15) to Y is according to (2.14) given by a postmultiplication of Y, which shows (3.14). Note
however that I' € Ty St(n,p) is not necessarily horizontal, so 0 # 'Y € s0(p). O

In order to remove the “mutually distinct singular values” assumption of Proposition 3.4 and to
remedy the numerical instability of the SVD in the presence of clusters of singular values, we introduce
an alternative computational approach that relies on the derivative of the QR-decomposition rather than
that of the SVD. Yet in this case, the “non-zero singular values” assumption is retained, and instabilities
may arise for matrices that are close to being rank-deficient.

Let U, A’,‘J‘", A"U‘” be as introduced in Prop. 3.4 (now with possibly repeated singular values of A'f}”)
and consider the t-dependent QR-decomposition of the matrix curve (A+tA)h" = Q(t)R(t). The starting
point is (3.7), which can be transformed to

0 =75 (W (pty 0 ) (§)) =760

by means of elementary matrix operations. Write M (t) = ( R(()t) _Rét)T ) By the product rule,

4
dt

316) = 0.QUO) expy, (100 () + 0. QON G ewn 1) (T). G10)

t=0

The derivative - —o XDy, (M (t)) = d(expm)M(o)(M(O)) can be computed according to Mathias’ Theo-
rem [29, Thm 3.6, p. 58] from

ox M(©0) M(0)\ _ (exp,,(M(0)) &|,_oexpn,(M(0)+ tM(0))
e (M7 3060) = ( )

0 M(0) 0 exp,,, (M (0))
(Eu E12) (Dn D12)
Es  Ea Dy Do
0 Enn Eia
Ey  Ea

which is a (4p X 4p)-matrix exponential written in sub-blocks of size (p x p). Substituting in (3.16) gives

the O(np?)-formula
d B .
! f*OrY(t) = Q(0)E21 + UD11 + Q(0)Day. (3.17)

This corresponds to [62, Lemma 5], which addresses the Stiefel case. The derivative matrices Q(O)7 R(O)
can be obtained from Alg. B.3 in Appendix B. The final formula is obtained by taking the projection
into account as in (3.15), where u is to be replaced by 4. The horizontal lift is computed accordingly.

The derivative of the Grassmann exponential can also be computed directly in Gr(n, p) without using
horizontal lifts, at the cost of a higher computational complexity, but without restrictions with regard to
the singular values. The key is again to apply Mathias’ Theorem to evaluate the derivative of the matrix
exponential. Let P € Gr(n,p) and A = [Q, P], A = [Q, P] € TpGr(n,p) with Q = (I, — 2P)A, Q =
(I, — 2P)A € sop(n). Denote Q := expy(Q) € O(n) and ¥Q = F o expm (2 + tQ). Here, ¥ € so(n),
since expy, (24 1€2) is a curve in O(n) through @ at ¢ = 0. Then a computation shows that the derivative
of

Expgr(A + tﬁ) = expm(Q + tﬁ)P expm (—Q — tﬁ)

is given by
d ~
& ’t—o Engr(A + tA) = \I/QPQT + QP(\I/Q)T e TQPQT Gr(n,p)
The matrices Q and ¥(Q can be obtained in one calculation by evaluating the left side of
~ a N
eXpr (Q Q) _ expm(Q) & o expm (Q + tQ) _ (Q \IJQ)
0o 0 expun () 0 Q

according to Mathias’ Theorem.

14



3.6 Parallel Transport

On a Riemannian manifold (M, g), parallel transport of a tangent vector v € T, M along a smooth curve
~v: I — M through p gives a smooth vector field V' € X(v) along v that is parallel with respect to the
Riemannian connection V and fulfills the initial condition V' (p) = v. A vector field V' € X(v) along a curve
7 is a vector field that is defined on the range of the curve, i.e., V: y(I) — TM and V(y(t)) € Ty M.
The term “paralle]” means that for all ¢ € I, the covariant derivative of V' in direction of the tangent
vector of v vanishes, i.e.

Parallel transport on the Grassmannian (ONB perspective) was studied in [18], where an explicit
formula for the horizontal lift of the parallel transport of a tangent vector along a geodesic was derived,
and in [2], where a differential equation for the horizontal lift of parallel transport along general curves
was given. In the next proposition, we complete the picture by providing a formula for the parallel
transport on the Grassmannian from the projector perspective. Note that this formula is similar to the
parallel transport formula in the preprint [34].

Proposition 3.5 (Parallel Transport: Projector Perspective). Let P € Gr(n,p) and A,T € TpGr(n,p).
Then the parallel transport Pa(ExpSt(t1')) of A along the geodesic

Expgr(tr) = expm (¢[T", P]) P expm (—t[T', P])

18 given by
PA(Bxp (11)) = expun (t[T, P)A exp(—t[L, P)).

Proof. Denote (t) := Exp%'(tI') and note that Q := [I', P] € sop(n). The fact that Pa(Exp&(tI')) €
TExp}gr(tp)Gr(n,p) can be checked with Proposition 2.1 ¢). To show that Pa gives parallel transport,
we need to show that Vi) (Pa(y(t))) = Iz, cr (A(Pa)y@ (4(t))) = 0 as in (3.5). By making use of
the chain rule, we have d(Pa),)(¥(t)) = %PA(v(t)) = [Q,Pa(7(t))], where [-,] denotes the matrix
commutator. Applying the projection Ilr, , G, from (3.3) and making use of the relation (2.7) and the
tangent vector properties from Proposition 2.1 give the desired result. O

Applying the horizontal lift to the parallel transport equation leads to the formula also found in
[18]. Let Q = (U UL) € (%)~ (P). Then Q = Q(§ ~4")Q" and A = Q(% B )Q” for some
A,B € R"P)*P_ According to (2.14), the horizontal lift of Pa(Exp&(tT)) to the Stiefel geodesic
representative U(t) = Q expm (tQTQQ)I, , is given by a post-multiplication with U (t),

hor

(PatBx(r), = PaEs (o) = Qewn (¢ (5 70 )) (3)-

This formula can be simplified similarly to [18, Theorem 2.4] by discarding all principal angles equal to
zero. With notation as above, I‘?}" = U, A and A?}’r = U, B. Let r < min(p,n — p) be the number of
non-zero singular values of l"?ﬁr. Denote the thin SVD of I‘?j" by F?j" = QxVT, where Q € St(n,r), X =
diag(oy,...,0,) and V € St(p, ), which means X has full rank. Then A = UTQXVT with W := UTQ e
St(n — p,r). Similarly to the proof of Proposition 3.3, with yr(t) := Exp}(ir(tf),

(]P’A(vp(t)))??(rt) = (-UVsin(tZ)W" + U W eos(tZ)W' + U, (I,—p — WWT)) B
= (=UVsin(t2)QT + Q cos(t2)QT + I,, — QQT)Abe".

This difference between this formula and the one found from [18, Theorem 2.4] is in the usage of the thin
SVD and the therefore smaller matrices Q, 3 and V, depending on the problem. But the first line also
shows that if r = n — p, which can happen if p > n/2, the term I,,_, — WW? vanishes, and therefore
also the term (I,, — QQT)Aber.
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4 Symmetry and Curvature

In this section, we establish the symmetric space structure of the Grassmann manifold by elementary
means. The symmetric structure of the Grassmannian was for example shown in [31, Vol. II] and [11].

Exploiting the symmetric space structure, the curvature of the Grassmannian can be calculated ex-
plicitly. Curvature formulae for symmetric spaces can be found for example in [44] and [31, Vol. II].
To the best of the authors’ knowledge, a first formula for the sectional curvature of the Grassmannian
was given in [57], without making use of the symmetric structure. The bounds were studied in [58]. In
[37], curvature formulae have been derived in local coordinates via differential forms. Explicit curvature
formulae for a generalized version of the Grassmannian as the space of orthogonal projectors were given
in [39].

For applications where curvatures matter, see for example [12] and [38], and several references therein,
where bounds on the curvature are required for the analysis of Riemannian optimization methods and of
the Riemannian centers of mass.

4.1 Symmetric Space Structure

In differential geometry, a metric symmetry at q is an isometry o : M — M of a manifold M that fixes
a certain point o(q) = ¢ with the additional property that doy = —id |z, . This relates to the concept
of a point reflection in Euclidean geometry. A (metric) symmetric space is a connected differentiable
manifold that has a metric symmetry at every point, [44, §8]. Below, we execute an explicit construction
of symmetries for the Grassmannian, which compares to the abstract course of action in [44, §11, p.
3151f).

Consider the orthogonal matrix Sy = (16’ _ IS,,,) € O(n). Then Sy induces a symmetry at Py via

oo Py P% := SyPST, which is defined on all of Gr(n,p). Obviously, c¥*(Py) = Py. For any point
P € Gr(n,p) and any tangent vector A € TpGr(n,p), the differential in direction A can be computed as
dofo(A) = L|,_0o(P(t)), where P(t) is any curve on Gr(n,p) with P(0) = P and P(0) = A. This gives

0 BT 0 BT 0o BT
daf,)g: Tp,Gr(n,p) = Tp,Gr(n,p), (B 0 ) — So <B 0 ) ST =~ (B 0 ) 7

so that o7 is indeed a symmetry of Gr(n,p) at P. B
Given any other point P € Gr(n,p), we can compute the EVD P = QPyQ" and define ¢ : P —
(QSQT)P(QSoQT). This isometry fixes P, o”(P) = P. Moreover, for any curve with P(0) = P,
P(0) = A € TpGr(n,p), it holds A = %|t:0Q(t)POQT(t) = QPyQT +QP,Q" (evaluated at t = 0). Since
Q(t) is a curve on O(n), it holds QTQ = —Q7'Q, so that QT Q = (g; _CC;;‘Tl ) is skew. As a consequence,

we use the transformation QTAQ = (COZI Cgl) to move A to the tangent space at Py and compute
P T T 0 O3 T T T
A0E(8) = Q5H(QTAQ)SQT = Q% (1 ) S1@T = ~QQTAQ)QT = A,

Hence, we have constructed metric symmetries at every point of Gr(n,p).

The symmetric space structure of Gr(n, p) implies a number of strong properties. First of all, it follows
that Gr(n,p) is geodesically complete [44, Chap. 8, Lemma 20]. This means that the maximal domain of
definition for all Grassmann geodesics is the whole real line R. As a consequence, all the statements of
the Hopf-Rinow Theorem [17, Chap. 7, Thm 2.8], [4, Thm 2.9] hold for the Grassmannian:

1. The Riemannian exponential Exp$' : TpGr(n, p) — Gr(n, p) is globally defined.
2. (Gr(n,p),dist(-,-)) is a complete metric space, where dist(-, -) is the Riemannian distance function.
3. Every closed and bounded set in Gr(n,p) is compact.

These statements are equivalent. Any one of them additionally implies

4. For any two points Py, P, € Gr(n,p), there exists a geodesic v of length L(v) = dist(P;, P2) that
joins P; to P»; hence any two points can be joined by a minimal geodesic segment.

5. The exponential map Exp$' : TpGr(n, p) — Gr(n,p) is surjective for all P € Gr(n, p).
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4.2 Sectional curvature

For X,Y,Z € R"=P)%P et X := (9 —gT) € Hor; O(n) and Y, Z € Hor; O(n) accordingly. Denote the

projections to Tp,Gr(n,p) by x := dwgoc(f() = (g, XOT) € Tp,Gr(n,p), etc. Then, by [44, Proposition
11.31], the curvature tensor at Py is given by R,z = dngG([Z ,[X,Y])]), since the Grassmannian is
symmetric and therefore also reductive homogeneous. This formula coincides with the formula found in

[39]. Explicitly, we can calculate
0 BT
Ryyz = (B 0 ) € Tp,Gr(n,p),

where B = ZXTY — ZYTX - XYTZ + YXTZ e Rin=pP)xp,

The sectional curvature of the Grassmannian can be calculated by the following formulae. It depends
only on the plane spanned by two given tangent vectors, not the spanning vectors themselves. For
a Riemannian manifold, the sectional curvature completely determines the curvature tensor, see for
example [36, Proposition 8.31].

Proposition 4.1. Let P € Gr(n,p) and let Ay,Ay € TpGr(n,p) span a non-degenerate plane in
TpGr(n,p). The sectional curvature is then given by

_ tr(A%A%) — tr((A1A2)2) _ ||[A17 AQ]”Z
Kp(A, 8e) = 40 D — (B aa)? ~ 2TAITE 8 = (Ar Aal2 1)

Proof. This formula can be derived from the result in [39]. For a direct proof, we proceed as follows. The
tangent vectors can be expressed as Ay = [y, P], Ay = [Qq, P|] € TpGr(n,p) for some Q4,Qs € sop(n).
Using the fact

[Q1, P][Q2, P] = =010,

we see that
tr([Qa, P][Q1, P]*[Q, P]) — tr(([Q2, P][Q1, P])?) = tr(Q201[Q1, Q]) .

The property that for any two X, Y € Hor; O(n) the equality
tr(YX[X, Y]) = ([Y, [X, Y]], X)
holds, shows the claim according to [44, Proposition 11.31]. O

With (2.12) every A; € TpGr(n, p) can be written as A; = Uy B;UT + UBF'UT for some (U U.L) €
(79G)=1(P) and B; € R("~P)*P_ Since every tangent vector in TpGr(n, p) is uniquely determined by such
a B for a chosen representative (U U l), we can insert this into (4.1) and get the simplified formula

tI‘(B?BQ (BgBl - QB?BQ) + B%—'BlB%—'Bg)
tr(BY By) tr(BY By) — (tr(BT By))

_ IBIBi|I% + |1 B1BF |5 — 2(B3 By, Bi Ba)o
B2 Ball% — (B, Ba)§

Kp(By,B;) =
(4.2)

This formula is equivalent to the slightly more extended form in [57] and depends only on the factors
BT By, B By and BI B, € RP*P. Tt also holds for the horizontal lifts of A; by just replacing the symbols
B; by (A;)1r, which can also be shown by exploiting (2.12) and (A;)F" = U, B;.

In summary, for two orthonormal tangent vectors Ay = [y, P], Ay = [Q9, P] € TpGr(n,p) with
Q1,99 € s0p(n), ie.

1
1= <A“Al> = 5 tr(A?Al) and 0= <A1,A2>
the sectional curvature is given by
Kp(Al, AQ) = tI‘(QQQl [Ql, Qg])

_ hor” A hor hor” A hor hor” A hor hor” A hor hor™ A hor
=tr (AQ,U 1,U (AI,U 2,U — 2A2,U A1,U + A1,U 1,UA2,U 2,U )+
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Inserting any pair of orthonormal tangent vectors shows that for n > 2, the sectional curvature of the real
projective space Gr(n,1) = RP" ! is constant Kp = 1, as it is by the same calculation for Gr(n,n — 1),
see also [57]. The same source also states a list of facts about the sectional curvature on Gr(n, p) without
proof, especially that

0< Kp(A1,A3) <2 (4.3)

for min(p, n — p) > 2. Nonnegativity follows directly from (4.1). The upper bound was proven in [58], by
proving that for any two matrices A, B € R™*" with m,n > 2, the inequality

IABT — BAT|[% < 2||Al% |1 B % (4.4)
holds. Note that (4.2) can be rewritten as

5 (IB1B] — B2 BT ||% + || BT B, — B Bi||%)

KP B 7B =
1. B 111 B2 |7 — (tr(BY Bz))?

The bounds of the sectional curvature (4.3) are sharp for all cases except those mentioned in the next
paragraph: The lower bound zero is attained whenever Ay, Ay commute. The upper curvature bound is
attained, e.g., for B; = (_11 %), By = (j fl), or matrices containing B and By as their top-left block
and else only zeros, when p > 2.

In [37] it was shown that a Grassmannian Gr(n, p) features a strictly positive sectional curvature Kp
only if the sectional curvature is constant throughout. The sectional curvature is constant (and equal to
Kp =1) only in the cases p=1, n >2orp=n—1, n > 2. In the case of n = 2, p = 1, the sectional
curvature is not defined, since dim(Gr(2,1)) = 1. Hence, in this case, there are no non-degenerate
two-planes in the tangent space.

5 Cut Locus and Riemannian Logarithm

We have seen in Section 4.1 that Gr(n,p) is a complete Riemannian manifold. On such manifolds, the
cut locus of a point P consists of those points F' beyond which the geodesics starting at P cease to be
length-minimizing. It is known [50, Ch. III, Prop. 4.1] that P and F are in each other’s cut locus if there
is more than one shortest geodesic from P to F'. We will see that, on the Grassmannian, this “if” is an
“if and only if”, and moreover “more than one” is always either two or infinitely many.

To get an intuitive idea of the cut locus, think of the earth as an ideal sphere. Then the cut locus of
the north pole is the south pole, as it is the only point beyond which the geodesics starting at the north
pole cease to be length-minimizing. In the case of the sphere, the “if and only if” statement that we just
mentioned for the Grassmannian also holds; however, for the sphere, “more than one” is always infinitely
many.

Given two points P, F' € Gr(n,p) that are not in each other’s cut locus, the unique smallest tangent
vector A € TpGr(n,p) such that Exp@'(A) = F is called the Riemannian logarithm of F at P. We
propose an algorithm that calculates the Riemannian logarithm. Moreover, in the case of cut points,
the algorithm is able to return any of the (two or infinitely many) smallest A € TpGr(n,p) such that
Expgr(A) = F. This ability comes from the indeterminacy of the SVD operation invoked by the algo-
rithm.

The horizontal lift of the exponential map (3.9) depends explicitly on the so called principal angles
between two points and allows us to give explicit formulae for different geodesics between P and a cut
point F'. We observe that the inherent ambiguity of the SVD, see Appendix B, corresponds to the different
geodesics connecting the same points.

Our approach allows data processing schemes to explicitly map any set of given points on the Grass-
mannian to any tangent space TpGr(n,p), with the catch that possibly a subset of the points (namely
those that are in the cut locus of P), is mapped to a set of tangent vectors each, instead of just a single
one.

5.1 Cut Locus

We can introduce the cut locus of the Grassmannian by applying the definitions of [36, Chap. 10] about
cut points to Gr(n,p). In the following, let P € Gr(n,p) and A € TpGr(n,p) and ya: t — ExpEF(tA).
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Then the cut time of (P, A) is defined as
teus (P, A) := sup{b > 0 | the restriction of ya to [0, b] is minimizing}.
The cut point of P along ya is given by va (tcut (P, A)) and the cut locus of P is defined as
Cutp :={F € Gr(n,p) | F = va(tcut(P, A)) for some A € TpGr(n,p)}.

In [55, 49], it is shown that the cut locus of P = UUT € Gr(n,p) is the set of all (projectors onto)
subspaces with at least one direction orthogonal to all directions in the subspace onto which P projects,
ie.

Cutp = {F =YY" € Gr(n,p) | rank(U"Y) < p}. (5.1)
This means that the cut locus can be described in terms of principal angles: The principal angles
01,...,0, € [0, 5] between two subspaces U and U are defined recursively by
cos(O) := uj vy := max max u'v.
vel|ul =1 wvel,|v]=1
ulwug, ., up—1 vlug, ... vp_
They can be computed via 6, := arccos(sx) € [0, 5], where sp < 1 is the k-largest singular value of
UTU e RP*P for any two Stiefel representatives U and U. According to this definition, the principal
angles are listed in ascending order: 0 < 6; < ... <6, < % In other words, the cut locus of P consists

of all points F' € Gr(n,p) with at least one principal angle between P and F' being equal to 7.
Furthermore, as in [36], we introduce the tangent cut locus of P by

TCLp :={A € TpGr(n,p) | Al = tew (P, A/ A])}
and the injectivity domain of P by

IDp :={A € TpGr(n,p) [ Al < tew (P, A/[IA]D}-
The cut time can be explicitly calculated by the following proposition.

Proposition 5.1. Let P = UUT € Gr(n,p) and A € TpGr(n,p). Denote the largest singular value of
AMer € Horyr St(n,p) by 1. Then -
teut (P, A) = Y (5.2)
o1

Proof. Since ya (teus (P, A)) € Cutp, by (3.9) we have
rank(UT (UV cos(teu (P, A)X)VT + Qsin(tens (P, A)E)VT)) < p,
which is equivalent to cos(tcut(P, A)oy) = 0. O

Now we see that the tangent cut locus TCLp consists of those tangent vectors for which o (the
largest singular value of the horizontal lift) fulfills oy = 7 and the injectivity domain IDp contains the
tangent vectors with o1 < 7.

The geodesic distance is a natural notion of distance between two points on a Riemannian manifold.
It is defined as the length of the shortest curve(s) between two points as measured with the Riemannian
metric, if such a curve exists. On the Grassmannian, it can be calculated as the two-norm of the vector

of principal angles between the two subspaces, cf. [55], i.e.

dist(U,U) = (zp: a§> ’ . (5.3)

This shows that for any two points on the Grassmann manifold Gr(n, p), the geodesic distance is bounded
by
dist(U, U) < \/15%7

which was already stated in [55, Theorem 8].
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Remark. There are other notions of distance on the Grassmannian that can also be computed from the
principal angles, but which are not equal to the geodesic distance, see [18, §4.5], [45], [69, Table 2]. In
the latter reference, it is also shown that all these distances can be generalized to subspaces of different
dimensions by introducing Schubert varieties and adding 5 for the “missing” angles.

The injectivity radius at P € Gr(n, p) is defined as the distance from P to its cut locus, or equivalently,
as the supremum of the radii r for which Exp$" is a diffeomorphism from the open ball B,.(0) C TpGr(n, p)
onto its image. The injectivity radius at every P is equal to inj(P) = 7, since there is always a subspace
F for which the principal angles between P and F' are all equal to zero, except one, which is equal to
5. For such an F it holds that dist(P, F') = 7, c.f. (5.3), and F' € Cutp. For all other points F' with

dist(P, F ) < &, all principal angles are strictly smaller than 7, and therefore F ¢ Cutp.

Proposition 5.2. Let P = UUT € Gr(n,p) and A € TpGr(n,p). Consider the geodesic segment
Ya: [0,1] 3 t + Exp8'(tA). Let the SVD of the horizontal lift of A be given by QEVT = Aher ¢
Hory St(n,p), where ¥ = diag(o1,...,0p).

a) If the largest singular value oy < 7/2, then the geodesic segment ya s unique minimizing.
b) If the largest singular value o1 = /2, then the geodesic segment ya is non-unique minimaizing.
¢) If the largest singular value o1 > 7/2, then the geodesic segment ya is not minimizing.

Proof. In case of a), ya is minimizing by definition of the cut locus. It is unique by [36, Thm. 10.34 ¢)].
In case of b), v is still minimizing by the definition of the cut locus. For non-uniqueness, replace o1 by
—7 (instead of ) and observe that we get a different geodesic with the same length and same endpoints.
Case c¢) holds by definition of the cut locus. O

5.2 Riemannian Logarithm

For any P € Gr(n,p), the restriction of Expl(ir to the injectivity domain IDp is a diffeomorphism onto
Gr(n,p) \ Cutp by [36, Theorem 10.34]. This means that for any F' € Gr(n,p) \ Cutp there is a unique
tangent vector A € IDp such that ExpS'(A) = F. The mapping that finds this A is conventionally
called the Riemannian logarithm. Furthermore, [36, Thm. 10.34] states that the restriction of Exp$&' to
the union of the injectivity domain and the tangent cut locus IDp UTCLp is surjective. Therefore for
any F' € Cutp we find a (non-unique) tangent vector which is mapped to F' via the exponential map. We
propose Algorithm 5.3, which computes the unique A € IDp C TpGr(n, p) in case of F' € Gr(n,p)\ Cutp
and one possible A € TCLp C Gr(n,p) for F € Cutp. In the latter case, all other possible A € TCLp
such that Exp8(A) = F can explicitly be derived from that result.

Algorithm 5.3 Extended Grassmann Logarithm with Stiefel representatives

Input: U,Y € St(n,p) representing P = UUT, F =YY € Gr(n, p), respectively

1: QSRT SEV:i YU > SVD
2: Y, := Y(QRT) > Procrustes processing
3: QSRT 2 (1, - UUT)Y, > compact SVD
4: Y := arcsin(9) > element-wise on the diagonal
5: A= QRRT

Output: smallest AP € Horyr St(n, p) such that Exp$'(A) = F

Remark: In Step 1, the expression 2 is to be understood as “is an SVD”. In case of F € Cutp, i.e.
singular values equal to zero, different choices of decompositions lead to different valid output vectors
A*I}’r. The non-uniqueness of the compact SVD in Step 3 does not matter, because ¥ = arcsin(S‘),
and arcsin maps zero to zero and repeated singular values to repeated singular values. Therefore any

non-uniqueness cancels out in the definition of A'[‘]‘".

Before we prove the claimed properties of Algorithm 5.3, let us state the following: An algorithm for
the Grassmann logarithm with Stiefel representatives only was derived in [2]. The Stiefel representatives
are however not retained in this algorithm, i.e., coupling the exponential map and the logarithm recovers
the input subspace but produces a different Stiefel representative ¥ = Expgr(LogSr(Y)) #Y as an
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output. Furthermore, it requires the matrix inverse of UTY, which also means that it only works for
points not in the cut locus, see (5.1). By slightly modifying this algorithm we get Algorithm 5.3, which
retains the Stiefel representative, does not require the calculation of the matrix inverse (UTY)~! and
works for all pairs of points. The computational procedure of Algorithm 5.3 was first published in the
book chapter preprint [64].

In the following Theorem 5.4, we show that Algorithm 5.3 indeed produces the Grassmann logarithm
for points not in the cut locus.

Theorem 5.4. Let P = UUT € Gr(n,p) and F = YYT € Gr(n,p) \ Cutp be two points on the
Grassmannian. Then Algorithm 5.8 computes the horizontal lift of the Grassmann logarithm Loggr(F) =
A € TpGr(n,p) to Hory St(n,p). It retains the Stiefel representative Y, when coupled with the Grassmann
exponential on the level of Stiefel representatives (3.10), i.e.

Y. = Expg (AF).

Proof. First, Algorithm 5.3 aligns the given subspace representatives U and Y by producing a represen-
tative of the equivalence class [Y] that is “closest” to U. To this end, the Procrustes method is used, cf.
[29]. Procrustes gives
QRT = argmin|U — Y|,
dcO(p)
by means of the SVD
YTU = QSR”, (5.4)

chosen here to be with singular values in ascending order from the top left to the bottom right. Therefore
Y, := YQRT represents the same subspace [Y,] = [Y], but

UTY, = RSR”

is symmetric. Now, we can split Y, with the projector P = UUT onto span(U) and the projector I,, —UUT
onto the orthogonal complement of span(U) via

Y, =UUTY, + (I, - UUT)Y, = URSR” + (I, - UU")Y,. (5.5)
If we denote the part of Y, that lies in span(U)* by L := (I,, — UUT)Y,, we see that
L'L=v>1,-uvum)y, =1, - RS?’R” = R(I,, — S*)R".

That means that S := (I, — 5?) is the diagonal matrix of singular values of L, with the singular values
in descending order. The square root is well-defined, since (I,, — S?) is diagonal with values between
0 and 1. Note also that the column vectors of R are a set of orthonormal eigenvectors of LTL, i.e., a
compact singular value decomposition of L is of the form

L=(I,-UU")Y, =QSR", (5.6)

where again Q € St(n,p). Define ¥ := arccos(S), where the arcus cosine (and sine and cosine in the
following) is applied entry-wise on the diagonal. Then S = cos(X) and S = sin(X). Inserting in (5.5)
gives

Y, = URcos(2)RT + Qsin(T)RY.
This is exactly the exponential with Stiefel representatives (3.10), i.e., Expy" (AFr) = Y,, where Ahr =
QERT. We also see that the exact matrix representative Y,, and not just any equivalent representative,
is computed by plugging AP into the exponential Expgr.

The singular value decomposition in (5.4) differs from the usual SVD — with singular values in de-
scending order — only by a permutation of the columns of @ and R. But if YTU = QSR” is an SVD
with singular values in ascending order and YTU = QSRT is an SVD with singular values in descending
order, the product QRT = QR” does not change, i.e., the computation of Y, is not affected. Therefore
we can compute the usual SVD for an easier implementation and keep in mind that S? + 52 #1I,.

It remains to show that A € IDp, so that it is actually the Riemannian logarithm. Since F' is not in
the cut locus Cutp, we have rank(U7Y) = p, which means that the smallest singular value of UTY is
larger than zero (and smaller than or equal to one). Therefore the entries of ¥ = arccos(S) are smaller
than 7, which shows the claim. O]
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The next theorem gives an explicit description of the shortest geodesics between a point and another
point in its cut locus.

Theorem 5.5. For P = UUT € Gr(n,p) and some F = YYT € Cutp, let r denote the number of
principal angles between P and F equal to 5. Then A € TCLp C TpGr(n,p) is a minimizing solution of

Expi'(A) = F (5.7)

if and only if the horizontal lift AM" is an output of Algorithm 5.3.
Consider the compact SVD Aher = QXRT. Then the horizontal lifts of all other minimizing solutions
of (5.7) are given by
(Aw)p" = QS diag(W, I, ) R”,
where W € O(r) and diag(W, I,—) = (g 1°
between P and F' are given by

w (t) == Exp8' (tAw) = [URdiag(WT, I,_,) cos(t¥) + Qsin(tX)].

T) denotes a block diagonal matrix. The shortest geodesics

Proof. Algorithm 5.3 continues to work for points in the cut locus, but the result is not unique. With
an SVD of YTU with singular values in ascending order, the first r singular values are zero. By Propo-
sition B.1,

YTU = QSRT = Q diag(W,, D)S diag(Ws, DT)RT,

where D € O(p — r) with (D);; = 0 for s; # s; and Wi, Wy € O(r) arbitrary. Then Y; is not unique
anymore, but is given as the set of matrices

{Yewr,w, = YQdiag(WiWa, I, )RT| Wi, W2 € O(r)} .

Define W := Wy Wy and W := diag(W,I,_,). Then
(I, —UU"Y,w = (I, —UUT
= (I, - UU”

QSRT

YQWR"
YQRT RWR™ = QSWR”.

~— —

With ¥ = arcsin($) = arccos(S), every matrix
(Aw)p" == QEWR"
is the horizontal lift of a tangent vector at P of a geodesic towards F": For the exponential, it holds that
Exp$ (Aw) = [URWT cos(Z)WR” + Qsin(2)WRT]
= [URWT cos(¥) + Qsin(X)] = [URcos(X) + Qsin()] = [Y],

where the third equality holds, since ¥ = diag(5,...,5,0p41,...,0p). But the geodesics vy starting at
[U] in the directions Ay differ, i.e.

A () = [URWT cos(tZ)WRT + Qsin(tS)W R
= [URWT cos(t2) + Qsin(t¥)].

Hence, the ambiguity factor WwT = diag(WT, I,_,) does not vanish for 0 < ¢t < 1. The geodesics are all
of the same (minimal) length, since the singular values do not change and vy (1) = Exp3"(Aw).

To show that there are no other solutions, let A € TCLp fulfill Exp&'(A) = F and AP = QERT.
Then by (3.10) there is some M € O(p) such that
YM = URcos(Z)RT + Qsin(Z)RT,

which implies UTY M = Rcos(Z)RT, which is an SVD of UTY M. Therefore Y, := YMRRT = YM
fulfills the properties of Y, of Algorithm 5.3. Now

(I, —UUDYY, = (I, - UUT)(UR cos(2)RT + Qsin(Z)RT) = Qsin(X)R7,

which means that @Qsin(X)R” is a compact SVD of (I, — UUT)Y.. Therefore A" is an output of
Algorithm 5.3 and the claim is shown. O
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Gr(3,1) /m 2 3,+1
2

LogS"(P) = (0,0)

AN
TpGr(3,1) = R?

Figure 5.1: The manifold of one-dimensional subspaces of R?, i.e., Gr(3,1), can be seen as the upper
half sphere with half of the equator removed. For points in the cut locus of a point P € Gr(3,1) (like
F5 in the figure), there is no unique velocity vector in TpGr(3,1) that sends a geodesic from P to the
point in question, but instead a set of two starting velocities (A3 41 and Ag _1) that can be calculated
according to Theorem 5.5. Since the points actually mark one dimensional subspaces through the origin,
F3 is identical to its antipode on the equator.

Together, Theorem 5.4 and Theorem 5.5 allow to map any set of points on Gr(n,p) to a single tangent
space. The situation of multiple tangent vectors that correspond to one and the same point in the cut
locus is visualized in Figure 5.1. Notice that if » = 1 in Theorem 5.5, there are only two possible geodesics
~v+1(t). For r > 1 there is a smooth variation of geodesics.

In [7, Theorem 3.3] a closed formula for the logarithm for Grassmann locations represented by or-
thogonal projectors was derived. We recast this result in form of the following proposition.

Proposition 5.6 (Grassmann Logarithm: Projector perspective). Let a point P € Gr(n,p) and F €
Gr(n,p) \ Cutp. Then A =[Q, P] € IDp C TpGr(n,p) such that Exp$' ([Q, P]) = F is determined by

1
=1
2

Q= —log,, (I, —2F)(I, — 2P)) € sop(n).

Consequently Log&' (F) = [, P).

This proposition gives the logarithm explicitly, but it relies on n x n matrices. Lifting the problem
to the Stiefel manifold reduces the computational complexity. A method to compute the logarithm that
uses an orthogonal completion of the Stiefel representative U and the CS decomposition was proposed in
[21].

5.3 Numerical Performance of the Logarithm

In this section, we assess the numerical accuracy of Algorithm 5.3 as opposed to the algorithm introduced
in [2, Section 3.8], for brevity hereafter referred to as the new log algorithm and the standard log algorithm,
respectively.

For a random subspace representative U € St(1000,200) and a random horizontal tangent vector

Afl}" € Hory St(1000, 200) with largest singular value set to 7, the subspace representative

Ui(r) = Expg’ (1 - 7)AF), 7€ [107%°,10%,

is calculated. Observe that U;(0)U;(0)7 is in the cut locus of UUT. Then the logarithm (A(7))h" =
Log?f"(U ,U1(7)) is calculated according to the new log algorithm and the standard log algorithm, respec-
tively. In the latter case, (A(7))!" is projected to the horizontal space Horg St(1000,200) by (3.4) to
ensure UT(A(7))1" = 0. For Uy (1) = Exp*((A(7))he"), the error is then calculated according to (5.3)
as

dist (U1(7), 01(7)) = flarecos(S)]|

where QSRT = U, (7)TU,(7) is an SVD. Even though theoretically impossible, entries of values larger
than one may arise in S due to the finite machine precision. In order to catch such numerical errors, the
real part R(arccos(S)) is used in the actual calculations of the subspace distance.
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*  New log algorithm
X Standard log alg. (with horiz. projection)
Standard log algorithm

Error by subspace distance

10-8 L L L |
1020 1071 10710 10° 100

T

Figure 5.2: The error of the new log algorithm (blue stars) versus standard log algorithm with horizontal
projection (red crosses) by subspace distance over 7. For comparison, the error of the standard log
algorithm without projection onto the horizontal space is also displayed (yellow plus). The cut locus is
approached by Expg” ((1 — 7)AP"). It can be observed that the new log algorithm still produces reliable
results close to the cut locus.

In Figure 5.2, the subspace distance between U;(7) and (71(7') is displayed for 100 logarithmically
spaced values 7 between 10720 and 10°. The Stiefel representative U, (7) is here calculated with the new
log algorithm, with the standard log algorithm, and with the standard log algorithm with projection onto
the horizontal space. This is repeated for 10 random subspace representatives U with random horizontal
tangent vectors A'K‘}", and the results are plotted individually. As expected, Algorithm 5.3 shows favorable
behaviour when approaching the cut locus. When the result of the standard log algorithm is not projected
onto the horizontal space, it can be seen that its subspace error starts to increase already at 7 ~ 1073.
The baseline error (in Figure 5.2) is due to the numerical accuracy of the subspace distance calculation
procedure.

Even though this experiment addresses the extreme-case behavior, it is of practical importance. In
fact, the results of [1] show that for large-scale n and two subspaces drawn from the uniform distribution

s

on Gr(n,p), the largest principal angle between the subspaces is with high probability close to 5

6 Local Parameterizations of the Grassmann Manifold

In this section, we construct local parameterizations and coordinate charts of the Grassmannian. To this
end, we work with the Grassmann representation as orthogonal projector P = UU”. The dimension of
Gr(n,p) is (n — p)p. Here, we recap how explicit local parameterizations from open subsets of R(=p)xp
onto open subsets of Gr(n,p) (and the corresponding coordinate charts) can be constructed.

The Grassmannian Gr(n,p) can be parameterized by the so called normal coordinates via the expo-
nential map, which was also done in [27]. Let P = UUT € Gr(n,p) and U, some orthogonal completion
of U € St(n,p). By making use of (2.12), a parameterization of Gr(n,p) around P is given via

p: R=PXP 5 Gr(n, p),
p(B) = ExpS (U, BUT + UBTUT)

= (U U.L)expm ((g _égT)> Py expm, ((_OB BOT)> U u)".

A different approach that avoids matrix exponentials, and which is also briefly introduced in [28,
Appendix C.4], works as follows: Let B C R("~P)XP be an open ball around the zero-matrix 0 € R(®~P)*P
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for some induced matrix norm || - ||. Consider

I

. nxn
p:B—>R ,B»—><B

) (I, + B"B)"* (1, BT).
Note that B is mapped to the orthogonal projector onto colspan(( I[g ))7 so that actually p(B) C Gr(n,p).

In particular, ¢(0) = Py. Let P € Gr(n,p) be written block-wise as P = (g %T ) Next, we show that
the image of ¢ is the set of such projectors P with an invertible p x p-block A and that ¢ is a bijection
onto its image. To this end, assume that A € RP*P has full rank p. Because P is idempotent, it holds

P A BT\ (A2+BTB ABT +BTC _ pe
“\B C) \BA+CB BBT+(C? ) "~
=A

—_——
As a consequence, (I, + A~'BTBA™!)"! = A(A?+ B"B)~'A = A. Moreover, since p = rank P =
rank A = rank(4), the blocks (BCT) can be expressed as a linear combination (4)X = (%T) with
X € RP*("=P) This shows that X = A~'B” and C = BA~'B”. In summary,

A BT I .
Po= (B BAlBT):(Bffl)A(IP ATIBY)
_ (Bﬁf—l) (I, + A"\ BTBA)"1 (I, A~'BT) = o(BA™Y),

Let ¢ : (g BCT) +> BA™L. Then, for any B € B, (»o¢)(B) = B so that 1oy = id |5. Conversely, for any
P € Gr(n,p) with full rank upper (p x p)-diagonal block A, (¢ 0 ¢)(P) = P. Therefore, ¢ : B — ¢(B) is
a local parameterization around 0 € R"=P)*P and @ := |, : @(B) — B is the associated coordinate
chart * = ¢!, With the group action ®, we can move this local parameterization to obtain local
parameterizations around any other point of Gr(n,p) via 9o (B) := Q¢(B)QT, which (re)establishes the
fact that Gr(n,p) is an embedded (n — p)p-dimensional submanifold of R™*™.

The tangent space at P is the image colspan(dgp) for a suitable parameterization ¢ around P. At
Py, we obtain

T
TPOGI‘(TL,p) = {d(pPo (B> | B e R(n—p)Xp} = {(g B(] ) | B¢ R(n—p)xp},

in consistency with (2.8).

In principle, ¢ and @ can be used as a replacement for the Riemannian exp- and log-mappings
in data processing procedures. For example, for a set of data points contained in ¢(B) C Gr(n,p),
Euclidean interpolation can be performed on the coordinate images in B ¢ R~ P)XP_ Likewise, for
an objective function f : Gr(n,p) D D — R with domain D C ¢(B), the associated function f o ¢ :
R(=P)xP ¢ YD) — R can be optimized relying entirely on standard Euclidean tools; no evaluation
of neither matrix exponentials nor matrix logarithms is required. Yet, these parameterizations do not
enjoy the metric special properties of the Riemannian normal coordinates. Another reason to be wary
of interpolation in coordinates is that the values on the Grassmannian will never leave ¢(B), and this
can be very unnatural for some data sets. Furthermore, the presence of a domain D can be unnatural,
as ¢(B) is an open subset of Gr(n, p), whereas the whole Grassmannian is compact, a desirable property
for optimization. If charts are a switched, then information gathered by the solver may lose interest.
Nevertheless, working in charts can be a successful approach [53].

7 Jacobi Fields and Conjugate Points

In this section, we describe Jacobi fields vanishing at one point and the conjugate locus of the Grass-
mannian. Jacobi fields are vector fields along a geodesic fulfilling the Jacobi equation (7.1). They can be
viewed as vector fields pointing towards another “close-by” geodesic, see for example [36]. The conjugate
points of P are all those F' € Gr(n, p) such that there is a non-zero Jacobi field along a (not necessarily
minimizing) geodesic from P to F', which vanishes at P and F. The set of all conjugate points of P is

25



the conjugate locus of P. In general, there are not always multiple distinct (possibly non-minimizing)
geodesics between two conjugate points, but on the Grassmannian there are. The conjugate locus on the
Grassmannian was first treated in [56], but the description there is not complete. This is for example
pointed out in [49] and [9]. The latter gives a description of the conjugate locus in the complex case,
which we show can be transferred to the real case.

Jacobi fields and conjugate points are of interest, when variations of geodesics are considered. They
arise for example in geodesic regression [19] and curve fitting problems on manifolds [10].

7.1 Jacobi Fields
A Jacobi field is smooth vector field J along a geodesic v satisfying the ordinary differential equation
DiJ + R(J,7)y =0, (7.1)

called Jacobi equation. Here R(-,-) is the curvature tensor and D; denotes the covariant derivative
along the curve . This means that for every extension J of J , which is to be understood as a smooth
vector field on a neighborhood of the image of v that coincides with J on «(t) for every ¢, it holds that
(D J)(t) = Vﬁ(t)j. For a detailed introduction see for example [36, Chapter 10]. A Jacobi field is the
variation field of a variation through geodesics. That means intuitively that J points from the geodesic v
to a “close-by” geodesic, and, by linearity and scaling, to a whole family of such close-by geodesics. Jacobi
fields that vanish at a point can be explicitly described via [36, Proposition 10.10], which states that the
Jacobi field J along the geodesic v, with v(0) = p and 4(0) = v, and initial conditions J(0) = 0 € T,M
and D, J(0) =w € T,(T,M) = T, M is given by

J(t) = d(exp,) e (tw). (7.2)

The concept is visualized in Figure 7.1.

Gr(3,1)

Figure 7.1: The Jacobi field J points from the geodesic v towards close-by geodesics (dotted) and vanishes
at P. Note that J(t) € T, )Gr(3,1) is a tangent vector and not actually the offset vector between points
on the respective geodesics in R®. Nevertheless, .J is the variation field of a variation of ~ through
geodesics, c.f. [36, Proposition 10.4].

By making use of the derivative of the exponential mapping derived in Proposition 3.4, we can state
the following proposition for Jacobi fields vanishing at a point on the Grassmannian.

Proposition 7.1. Let P = UUT € Gr(n,p) and let Ay, Ay € TpGr(n,p) be two tangent vectors, where
the singular values of (A1)%" are mutually distinct and non-zero. Define the geodesic v by (t) =
Exp$' (tA1). Furthermore, let (tA1)}" = Q(tX)VT and (H(A1 + sA))M = Q(s)(tX(s))V (s)T be given
via the compact SVDs of the horizontal lifts, i.e., Q(s) € St(n,p), X(s) = diag(oi1(s),...,0p(s)) and
V(s) € O(p), as well as Q(0) = Q,X(0) =X and V(0) = V. Finally, define

Y (t) := UV cos(tX) + Qsin(tX) € St(n, p)

and
[(t) := UV cos(t) — tUV sin(tX)% + Q sin(tX) + tQ cos(tL)Y € Ty (1)St(n,p).?

(n
2As in the case of the derivative of the Grassmann exponential, the matrices Q = %(0), ¥ = %(0) and V = %(O)
can be calculated by Algorithm B.2.

26



Then the Jacobi field J along v fulfilling J(0) = 0 and D;J(0) = Aq is given by
Jt)=T@)Y )" +YOI'(t)" € Ty Gr(n,p).
The horizontal lift of J(t) to Y (t) is accordingly given by
(TN = T(1) + Y(OTOTY (1) = (I — Y (0)Y ()T (1),

It is the variation field of the variation of vy through geodesics given by Z(s,t) := Expgr(t(Al + sAy)).

Proof. The proof works analogously to the one of Proposition 3.4, since according to (7.2)

T d T
J(t) = A(BxpEia, (182) = | ExpPf(t(As + sA2)).

7.2 Conjugate Locus

In the following, let p < . The reason for this restriction is that for p > 5 there are automatically
principal angles equal to zero, yet these do not contribute to the conjugate locus, as one can see by
switching to the orthogonal complement. The conjugate locus Conjp of P € Gr(n,p) is given by all
F € Gr(n,p) such that at least two principal angles between P and F' coincide, or there is at least one
principal angle equal to zero if p < §. This obviously includes the case of two or more principal angles
equal to 5. In the complex case, the conjugate locus also includes points with one principal angle of 7,
as is shown in [9]. Only in the cases of principal angles of 7 is there a nontrivial Jacobi field vanishing
at P and F along a shortest geodesic. It can be calculated from the variation of geodesics as above. In
the other cases, the shortest geodesic is unique, but we can smoothly vary longer geodesics from P to
F'. This variation is possible because of the periodicity of sine and cosine and the indeterminacies of the

SVD.

Theorem 7.2. Let P € Gr(n,p) where p < 5. The conjugate locus Conjp of P consists of all points
F € Gr(n,p) with at least two identical principal angles or, when p < 7, at least one zero principal angle
between F' and P.

Proof. Let P and F' have r = j — i + 1 repeated principal angles 0; = --- = 0;. Obtain A',}" = QERT
by Algorithm 5.3. Define ¥ by adding 7 to one of the repeated angles. Then for every D € O(r) and
D := diag(I;_1, D, I,_;), the curve

vp(t) = [URD cos(t~) DT RT + QD sin(t¥') DT RT]

is a geodesic from P to yp(1) = F. Since for 0 < ¢ < 1 the matrix cos(t¥’) does not have the same
number of repeated diagonal entries as cos(tX), not all curves yp coincide. Then we can choose an open
interval Z around 0 and a smooth curve D: Z — O(r) with D(0) = I, such that I'(s,t) = yp(4)(t) is a
variation through geodesics as defined in [36, Chap. 10, p. 284]. The variation field J of T" is a Jacobi
field along vp (o) according to [36, Theorem 10.1]. Furthermore, J is vanishing at ¢ = 0 and ¢ = 1, as
Yp(s)(1) = vp(s)(1) for all s,5 € Z by Proposition B.1, and likewise for £ = 0. Since J is not constantly
vanishing, P and F' are conjugate along ypg) by definition.

When p < 5 and there is at least one principal angle equal to zero, there is some additional freedom
of variation. Let the last r principal angles between P and F' be 0,41 = --- = 0, = 0. Obtain
Afl}" = QERT by Algorithm 5.3. Since p < 3, Q can be chosen such that UTQ = 0, and there is at least

one unit vector ¢ € R", such that ¢ is orthogonal to all column vectors in U and in Q Let Q 1 be an
orthogonal completion of () with ¢ as its first column vector. Define ¥’ as the matrix X with 7 added to
the (p — r + 1)th diagonal entry. Then for every W € O(2),

yw(t) = [URcos(tE') + (@ Q) diag(Iy—r, W, In—ps+r—2) (sin((;i)’))

is a geodesic from P with vy (1) = F. With an argument as above, P and F are conjugate along ~r, .
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There are no other points in the conjugate locus than those with repeated principal angles (or one
zero angle in case of p < %), as the SVD is unique (up to order of the singular values) for matrices with
no repeating and no zero singular values. As every geodesic on the Grassmannian is of the form (3.9),
the claim can be shown by contradiction. O

By construction, the length of vp) between P and F' is longer than the length of the shortest
geodesic, since ||X]|r < ||X'||p. The same is true for the case of a zero angle. It holds that the cut locus
Cutp is no subset of the conjugate locus Conjp, since points with just one principal angle equal to &
are not in the conjugate locus. Likewise the conjugate locus is no subset of the cut locus. The points in
the conjugate locus that are conjugate along a minimizing geodesic however are also in the cut locus, as

s

those are exactly those with multiple principal angles equal to 5.

Remark. The (incomplete) treatment in [56] covered only the cases of at least two principal angles equal
to 5 or principal angles equal to zero, but not the cases of repeated arbitrary principal angles. We can
nevertheless take from there that for p > % we need at least 2p — n + 1 principal angles equal to zero,
instead of just one as for p < 5. Points with repeated (nonzero) principal angles are however always in
the conjugate locus, as the proof of Theorem 7.2 still holds for them.

8 Conclusion

In this work, we have collected the facts and formulae that we deem most important for Riemannian
computations on the Grassmann manifold. This includes in particular explicit formulae and algorithms
for computing local coordinates, the Riemannian normal coordinates (the Grassmann exponential and
logarithm mappings), the Riemannian connection, the parallel transport of tangent vectors and the
sectional curvature. All these concepts may appear as building blocks or tools for the theoretical analysis
of, e.g., optimization problems, interpolation problems and, more generally speaking, data processing
problems such as data averaging or clustering.

We have treated the Grassmannian both as a quotient manifold of the orthogonal group and the Stiefel
manifold, and as the space of orthogonal projectors of fixed rank and have exposed (and exploited)
the connections between these view points. While concepts from differential geometry arise naturally
in the theoretical considerations, care has been taken that the final formulae are purely matrix-based
and thus are fit for immediate use in algorithms. At last, the paper features an original approach to
computing the Grassmann logarithm, which simplifies the theoretical analysis, extends its operational
domain and features improved numerical properties. Eventually, this tool allowed us to conduct a detailed
investigation of shortest curves to cut points as well as studying the conjugate points on the Grassmannian
by basic matrix-algebraic means. These findings are more explicit and more complete than the previous
results in the research literature.

A Basics from Riemannian Geometry

For the reader’s convenience, we recap some fundamentals from Riemannian geometry. Concise intro-
ductions can be found in [28, Appendices C.3, C.4, C.5], [20] and [3]. For an in-depth treatment, see for
example [17, 31, 36].

An n-dimensional differentiable manifold M is a topological space M such that for every point p € M,
there exists a so-called coordinate chart x : M D D, — R" that bijectively maps an open neighborhood
D, C M of a location p to an open neighborhood D,y C R™ around z(p) € R™ with the additional
property that the coordinate change

zoi t:#(D,ND,) — x(D,ND,)

of two such charts x, Z is a diffeomorphism, where their domains of definition overlap, see [20, Fig. 18.2,
p. 496]. This enables to transfer the most essential tools from calculus to manifolds. An n-dimensional
submanifold of R"*% is a subset M C R™*% that can be locally smoothly straightened, i.e. satisfies the
local n-slice condition [35, Thm. 5.8].
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Theorem A.1 ([20, Prop. 18.7, p. 500]). Let h : R"t4 5 Q — R be differentiable and co € R be
defined such that the differential Dh, € R*(+d) has mazimum possible rank d at every point p € Q with
h(p) = cg. Then, the preimage

h~eo) = {p € Q| h(p) = co}

is an n-dimensional submanifold of R+,

This theorem establishes the Stiefel manifold St(n,p) = {U € R"*? } UTU =1} as an embedded
submanifold of R"*P_ since St(n,p) = F~1(I) for F: U — UTU.

Tangent Spaces The tangent space of a submanifold M at a point p € M, in symbols T, M, is the
space of velocity vectors of differentiable curves ¢ : ¢t — ¢(t) passing through p, i.e.,

T,M = {é(to) | e¢: I — M, c(ty) =p}.

The tangent space is a vector space of the same dimension n as the manifold M.

Geodesics and the Riemannian Distance Function Riemannian metrics measure the lengths and
angles between tangent vectors. Eventually, this allows to measure the lengths of curves on a manifold
and the Riemannian distance between two manifold locations.

A Riemannian metric on M is a family ({-,-),)pem of inner products (-,-), : T,M x T, M — R that
is smooth in variations of the base point p. The length of a tangent vector v € T, M is ||v]|, := 1/(v, V).
The length of a curve ¢ : [a,b] — M is defined as

b b
L(e) = / 160) ooyt = / S D) ot

A curve is said to be parameterized by the arc length, if L(c|a,) =t — a for all t € [a,b]. Obviously,
unit-speed curves with [|é(t)||cr) = 1 are parameterized by the arc length. Constant-speed curves with
|¢(t) ||ty = vo are parameterized proportional to the arc length. The Riemannian distance between two
points p, ¢ € M with respect to a given metric is

distpm(p, ¢) = inf{L(c) | ¢: [a,b] = M piecewise smooth, ¢(a) = p, c(b) = ¢}, (A.1)

where, by convention, inf{()} = co. A shortest path between p,q € M is a curve ¢ that connects p and
q such that L(c) = dist pm(p, ¢). Candidates for shortest curves between points are called geodesics and
are characterized by a differential equation: A differentiable curve ¢ : [a,b] — M is a geodesic (w.r.t. to
a given Riemannian metric), if the covariant derivative of its velocity vector field vanishes, i.e.,

D¢

ZE()=0 Vtelab). (A.2)

Intuitively, the covariant derivative can be thought of as the standard derivative (if it exists) followed by
a point-wise projection onto the tangent space. In general, a covariant derivative, also known as a linear
connection, is a bilinear mapping (X,Y) — VxY that maps two vector fields X, Y to a third vector field
VxY in such a way that it can be interpreted as the directional derivative of Y in the direction of X, [36,
84, §5]. Of importance is the Riemannian connection or Levi-Civita connection that is compatible with
a Riemannian metric [3, Thm 5.3.1], [36, Thm 5.10]. It is determined uniquely by the Koszul formula

2VxY,Z) = X({Y,2))+Y((2,X)) - Z({X,Y))
_<X7[KZ]>_<Y7[X7Z]>+<Z’[X7Y]>

and is used to define the Riemannian curvature tensor
()(7 Y, Z) — R(X, Y)Z = vayZ — VyVXZ — V[X’y]Z.?’

A Riemannian manifold is flat if and only if it is locally isometric to the Euclidean space, which holds if
and only if the Riemannian curvature tensor vanishes identically [36, Thm. 7.10].

31n these formulae, [X,Y] = X (Y) — Y(X) is the Lie bracket of two vector fields.
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Lie Groups and Orbits A Lie group is a smooth manifold that is also a group with smooth multi-
plication and inversion. A matriz Lie group G is a subgroup of the general linear group GL(n,C) that
is closed in GL(n,C) (but not necessarily in the ambient space C"*™). Basic examples include GL(n,R)
and the orthogonal group O(n). Any matrix Lie group G is automatically an embedded submanifold
of C"*™ [24, Corollary 3.45]. The tangent space TG of G at the identity I € G has a special role.
When endowed with the bracket operator or matriz commutator [V,W] = VW — WV for VW € T;G,
the tangent space becomes an algebra, called the Lie algebra associated with the Lie group G, see [24,
§3]. As such, it is denoted by g = T;G. For any A € @G, the function “left-multiplication with A”
is a diffeomorphism L4: G — G, La(B) = AB; its differential at a point B € G is the isomorphism
d(La)p: TG — Ty, (8)G, d(La)p(V) = AV. Using this observation at B = I shows that the tangent
space at an arbitrary location A € G is given by the translates (by left-multiplication) of the tangent
space at the identity [22, §5.6, p. 160],

TAG:TLA(I)G:AQZ{AZAVERnxn| VEQ} (AS)

A smooth left action of a Lie group G on a manifold M is a smooth map ¢: G x M — M fulfilling
&(g1, #(92,p)) = ¢(g192,p) and ¢(e,p) = p for all g1,¢92 € G and all p € M, where e € G denotes the
identity element. One often writes ¢(g,p) = g - p. For each p € M, the orbit of p is defined as

G-p:={g-plgeG}, (A4)
and the stabilizer of p is defined as

Gp={9€Glg-p=rp} (A.5)

For a detailed introduction see for example [35]. We need the following well known result, see for example
[28, Section 2.1], where the quotient manifold G/G), refers to the set {¢G, | g € G} endowed with the
unique manifold structure that turns the quotient map g — gG, into a submersion.

Proposition A.2. Let G be a compact Lie group acting smoothly on a manifold M. Then for anyp € M,
the orbit G - p is an embedded submanifold of M that is diffeomorphic to the quotient manifold G/G,.

Proof. The continuous action of a compact Lie group is always proper, [35, Corollary 21.6]. Therefore
[4, Proposition 3.41] shows the claim. O

B Matrix Analysis Necessities

Throughout, we consider the matrix space R™*" as a Euclidean vector space with the standard metric
(A, B)o = tr(ATB). (B.1)

Unless noted otherwise, the singular value decomposition (SVD) of a matrix X € R™*" is understood to
be the compact SVD
X =UxvT, UeR™" % VeR™",

The SVD is not unique.

Proposition B.1 (Ambiguity of the Singular Value Decomposition). [30, Theorem 38.1.1°] Let X €
R™*" have a (full) SVD X = USVT with singular values in descending order and rank(X) = r. Let
o1 > - > o > 0 be the distinct nonzero singular values with respective multiplicity pa, ..., pux. Then
X =UXVT is another SVD if and only if U = U diag(Dx, ..., Dy, W1) and V =V diag(Dy, ..., Dg, Ws),
with D; € O(p;), Wi € O(m — 1), and Wy € O(n —r) arbitrary.

Differentiating the Singular Value Decomposition Let p < n € N and suppose that ¢ — Y (t) €
R™*? ig a differentiable matrix curve around ¢y € R. If the singular values of Y (o) are mutually distinct
and non-zero, then the singular values and both the left and the right singular vectors depend differentiable
on t € [tg — 0t,to + dt] for ot small enough.

Let t = Y(t) = Ut)S(t)V ()T € R™*P, where U(t) € St(n,p), V(t) € O(p) and X(¢t) € RP*P diagonal
and positive definite. Let u; and vj, j =1, ..., p denote the columns of U (o) and V (¢y), respectively. For
brevity, write Y = Y (ty),Y = % | . Y (1), likewise for the other matrices that feature in the SVD. The
derivatives of the matrix factors of the SVD can be calculated with Alg. B.2. A proof can for example
be found in [25, 16].
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Algorithm B.2 Differentiating the SVD
Input: Matrices Y, Y € RM<P, (compact) SVD Y = UXVT,
1. 65=(uj)"Yvjforj=1,...,p
. oi(ul Yvj)+o; (u;TY’Ul) i # .
2: V=VI, where I';; = (oj+oi)(oj—0i) 7 J for i,j=1,...,p
0, 1=7
5 U= (Yv L U(SE - 2)) s,
Output: U,Y = diag(d1,...,6m),V

Differentiating the QR-Decomposition Let ¢+ Y (t) € R"*" be a differentiable matrix function
with Taylor expansion Y (tg + h) = Y (tg) + hY (tg) + O(h?). Following [54, Proposition 2.2], the QR-
decomposition is characterized via the following set of matrix equations.

Y(t)=QMR(E), QT®)Q(t)=1I,, 0= P,oR(t).

0 - 0
In the latter, P, = | * ™ * | and ‘@’ is the element-wise matrix product so that P;, ® R selects the
i 10

strictly lower triangle of the square matrix R. For brevity, we write Y = Y (ty), Y =
for Q(t), R(t). By the product rule

4, Y (1), likewise
Y:QR+QR’ O:QTQ+QTQ7 0=P,OR.

According to [54, Proposition 2.2], the derivatives Q,R can be obtained from Alg. B.3. The trick is to
compute X = QT (Q first and then use this to compute @ = QQTQ + (I, — QQT)Q by exploiting that
QT(Q is skew-symmetric and that RR™! is upper triangular.

Algorithm B.3 Differentiating the QR-decomposition, [54, Proposition 2.2]

Input: matrices T,T € R"*", (compact) QR-decomposition T = QR.
1. L:=P,o(QTTR™)
2 X=L-LT > Now, X = QTQ
3 R=QTT - XR
4 Q= (I, - QQ")TR™ + QX
Output: Q,R

Matrix Exponential and the Principal Matrix Logarithm The matrix exponential and the prin-
cipal matrix logarithm are defined by

exp,, (X) := Z R log,,, (I +X) Z J’Ll (B.2)
j=0 7’ J=1

The latter is well-defined for matrices that have no eigenvalues on R™.

Acknowledgments
This work was initiated when the first author was at UCLouvain for a research visit, hosted by the third

author. The third author was supported by the Fonds de la Recherche Scientifique — FNRS and the
Fonds Wetenschappelijk Onderzoek — Vlaanderen under EOS Project no 30468160.

31



References

1]

P.-A. Absil, A. Edelman, and P. Koev. On the largest principal angle between random subspaces.
Linear Algebra and its Applications, 414(1):288 — 294, 2006. doi:doi.org/10.1016/j.1laa.2005.
10.004.

P.-A. Absil, R. Mahony, and R. Sepulchre. Riemannian geometry of Grassmann manifolds with
a view on algorithmic computation. Acta Applicandae Mathematica, 80(2):199-220, 2004. doi:
10.1023/B:ACAP.0000013855.14971.91.

P.-A. Absil, R. Mahony, and R. Sepulchre. Optimization Algorithms on Matriz Manifolds. Princeton
University Press, Princeton, New Jersey, 2008. URL: http://press.princeton.edu/titles/8586.
html.

M. M. Alexandrino and R. G. Bettiol. Lie Groups and Geometric Aspects of Isometric Actions.
Springer International Publishing, Cham, 2015. doi:10.1007/978-3-319-16613-1_2.

D. Amsallem and C. Farhat. Interpolation method for adapting reduced-order models and application
to aeroelasticity. AIAA Journal, 46(7):1803-1813, 2008. doi:10.2514/1.35374.

L. Balzano and S. J. Wright. Local convergence of an algorithm for subspace identification from
partial data. Foundations of Computational Mathematics, 15(5):1279-1314, 2015. doi:10.1007/
$10208-014-9227-7.

E. Batzies, K. Hiper, L. Machado, and F. Silva Leite. Geometric mean and geodesic regression on
Grassmannians. Linear Algebra Appl., 466:83-101, 2015. doi:10.1016/j.1aa.2014.10.003.

E. Begelfor and M. Werman. Affine invariance revisited. IEEE Conference on Computer Vision and
Pattern Recognition, 2:2087-2094, 2006. doi:10.1109/CVPR.2006.50.

S. Berceanu. On the geometry of complex Grassmann manifold, its noncompact dual and coherent
states. Bull. Belg. Math. Soc. Simon Stevin, 4(2):205-243, 1997. doi:10.36045/bbms/1105731655.

R. Bergmann and P.-Y. Gousenbourger. A Variational Model for Data Fitting on Manifolds by
Minimizing the Acceleration of a Bézier Curve. Frontiers in Applied Mathematics and Statistics,
4:59, 2018. doi:10.3389/fams.2018.00059.

A. A. Borisenko and Yu. A. Nikolaevskii. Grassmann manifolds and Grassmann image of submani-
folds. Uspekhi Mat. Nauk, 46(2(278)):41-83, 240, 1991. doi:10.1070/RM1991v046n02ABEH002742.

N. Boumal. Optimization and estimation on manifolds. PhD thesis, Université catholique de Louvain,
2014.

N. Boumal and P.-A. Absil. Low-rank matrix completion via preconditioned optimization on the
Grassmann manifold. Linear Algebra and its Applications, 475:200-239, 2015. doi:10.1016/j.1laa.
2015.02.027.

E. Cances, G. Kemlin, and A. Levitt. Convergence analysis of direct minimization and self-consistent
iterations, 2020. arXiv:2004.09088.

S. Chandrasekaran, B. S. Manjunath, Y. F. Wang, J. Winkeler, and H. Zhang. An eigenspace
update algorithm for image analysis. Graphical Models and Image Processing, 59(5), 1997. doi:
10.1006/gmip.1997.0425.

L. Dieci and T. Eirola. On smooth decompositions of matrices. SIAM Journal on Matriz Analysis
and Applications, 20(3):800-819, 1999. doi:10.1137/50895479897330182.

M. P. do Carmo. Riemannian Geometry. Mathematics: Theory & Applications. Birkhduser Boston,
1992.

A. Edelman, T. A. Arias, and S. T. Smith. The geometry of algorithms with orthogonal-
ity constraints. SIAM Journal on Matriz Analysis and Applications, 20(2):303-353, April 1998.
doi:10.1137/50895479895290954.

32


http://dx.doi.org/doi.org/10.1016/j.laa.2005.10.004
http://dx.doi.org/doi.org/10.1016/j.laa.2005.10.004
http://dx.doi.org/10.1023/B:ACAP.0000013855.14971.91
http://dx.doi.org/10.1023/B:ACAP.0000013855.14971.91
http://press.princeton.edu/titles/8586.html
http://press.princeton.edu/titles/8586.html
http://dx.doi.org/10.1007/978-3-319-16613-1_2
http://dx.doi.org/10.2514/1.35374
http://dx.doi.org/10.1007/s10208-014-9227-7
http://dx.doi.org/10.1007/s10208-014-9227-7
http://dx.doi.org/10.1016/j.laa.2014.10.003
http://dx.doi.org/10.1109/CVPR.2006.50
http://dx.doi.org/10.36045/bbms/1105731655
http://dx.doi.org/10.3389/fams.2018.00059
http://dx.doi.org/10.1070/RM1991v046n02ABEH002742
http://dx.doi.org/10.1016/j.laa.2015.02.027
http://dx.doi.org/10.1016/j.laa.2015.02.027
http://arxiv.org/abs/2004.09088
http://dx.doi.org/10.1006/gmip.1997.0425
http://dx.doi.org/10.1006/gmip.1997.0425
http://dx.doi.org/10.1137/S0895479897330182
http://dx.doi.org/10.1137/S0895479895290954

[19]

[20]

[21]

[22]

23]

[24]

P T. Fletcher. Geodesic regression and the theory of least squares on Riemannian manifolds. Inter-
national journal of computer vision, 105(2):171-185, 2013. doi:10.1007/s11263-012-0591-y.

J. H. Gallier. Geometric Methods and Applications: For Computer Science and Engineering. Texts
in Applied Mathematics. Springer, New York, 2011. doi:10.1007/978-1-4419-9961-0.

K. A. Gallivan, A. Srivastava, X. Liu, and P. Van Dooren. Efficient algorithms for inferences on
Grassmann manifolds. In IEEE Workshop on Statistical Signal Processing, pages 315-318, 2003.
doi:10.1109/8SP.2003.1289408.

R. Godement and U. Ray. Introduction to the Theory of Lie Groups. Universitext. Springer Inter-
national Publishing, 2017. doi:10.1007/978-3-319-54375-8.

E. Hairer, C. Lubich, and G. Wanner. Geometric numerical integration, volume 31 of Springer
Series in Computational Mathematics. Springer-Verlag, Berlin, second edition, 2006. doi:10.1007/
3-540-30666-8.

B. C. Hall. Lie Groups, Lie Algebras, and Representations: An Elementary Introduction. Springer
Graduate texts in Mathematics. Springer—Verlag, New York — Berlin — Heidelberg, 2nd edition, 2015.
doi:10.1007/978-3-319-13467-3.

A. Hay, J. T. Borggaard, and D. Pelletier. Local improvements to reduced-order models using
sensitivity analysis of the proper orthogonal decomposition. Journal of Fluid Mechanics, 629:41-72,
2009. doi:10.1017/S0022112009006363.

S. Helgason. Differential Geometry, Lie Groups, and Symmetric Spaces. Crm Proceedings & Lecture
Notes. American Mathematical Society, 2001.

U. Helmke, K. Hiper, and J. Trumpf. Newton’s method on Graimann manifolds, 2007. arXiv:
0709.2205.

U. Helmke and J. B. Moore. Optimization and Dynamical Systems. Communications & Control
Engineering. Springer—Verlag, London, 1994. doi:10.1007/978-1-4471-3467-1.

N. J. Higham. Functions of Matrices: Theory and Computation. Society for Industrial and Applied
Mathematics, Philadelphia, PA, USA, 2008. doi:10.1137/1.9780898717778.

R. A. Horn and C. R. Johnson. Topics in matrix analysis. Cambridge University Press, Cambridge,
1991. doi:10.1017/CB09780511840371.

S. Kobayashi and K. Nomizu. Foundations of differential geometry. Vol. I & II. Wiley Classics
Library. John Wiley & Sons, Inc., New York, 1996. Reprint of the 1963 original.

0. Koch and C. Lubich. Dynamical low-rank approximation. SIAM J. Matriz Analysis Applications,
29:434-454, 2007. doi:10.1137/050639703.

E. S. Kozlov. Geometry of real Grassmann manifolds. Part I - VI. Journal of Mathematical Sciences,
2000 — 2001.

Z. Lai, L.-H. Lim, and K. Ye. Simpler Grassmannian optimization, 2020. arXiv:2009.13502.

J. M. Lee. Introduction to Smooth Manifolds. Graduate Texts in Mathematics. Springer New York,
2012. doi:10.1007/978-1-4419-9982-5.

J. M. Lee. Introduction to Riemannian Manifolds, volume 176 of Graduate Texts in Mathematics.
Springer, Cham, 2018. doi:10.1007/978-3-319-91755-9.

K. Leichtweiss. Zur Riemannschen Geometrie in Grassmannschen Mannigfaltigkeiten. Math. Z.,
76:334-366, 1961. doi:10.1007/BF01210982.

C. Li, X. Wang, J. Wang, and J.-C. Yao. Convergence Analysis of Gradient Algorithms on Rie-
mannian Manifolds Without Curvature Constraints and Application to Riemannian Mass, 2019.
arXiv:1910.02280.

33


http://dx.doi.org/10.1007/s11263-012-0591-y
http://dx.doi.org/10.1007/978-1-4419-9961-0
http://dx.doi.org/10.1109/SSP.2003.1289408
http://dx.doi.org/10.1007/978-3-319-54375-8
http://dx.doi.org/10.1007/3-540-30666-8
http://dx.doi.org/10.1007/3-540-30666-8
http://dx.doi.org/10.1007/978-3-319-13467-3
http://dx.doi.org/10.1017/S0022112009006363
http://arxiv.org/abs/0709.2205
http://arxiv.org/abs/0709.2205
http://dx.doi.org/10.1007/978-1-4471-3467-1
http://dx.doi.org/10.1137/1.9780898717778
http://dx.doi.org/10.1017/CBO9780511840371
http://dx.doi.org/10.1137/050639703
http://arxiv.org/abs/2009.13502
http://dx.doi.org/10.1007/978-1-4419-9982-5
http://dx.doi.org/10.1007/978-3-319-91755-9
http://dx.doi.org/10.1007/BF01210982
http://arxiv.org/abs/1910.02280

[39]

[42]

[43]

A. Machado and I. Salavessa. Grassmannian manifolds as subsets of Euclidean spaces. In Differential
geometry (Santiago de Compostela, 1984 ), volume 131 of Res. Notes in Math., pages 85-102. Pitman,
Boston, MA, 1985.

Y. Man Lui. Advances in matrix manifolds for computer vision. Image and Vision Computing,
30(6-7):380-388, 2012. doi:10.1016/j.imavis.2011.08.002.

H. Q. Minh and V. Murino. Algorithmic Advances in Riemannian Geometry and Applications:
For Machine Learning, Computer Vision, Statistics, and Optimization. Advances in Computer
Vision and Pattern Recognition. Springer International Publishing, Cham, 2016. doi:10.1007/
978-3-319-45026-1.

M. Moonen, P. Van Dooren, and J. Vandewalle. A singular value decomposition updating algorithm
for subspace tracking. SIAM Journal on Matriz Analysis and Applications, 13(4):1015-1038, 1992.
d0i:10.1137/0613061.

T. S. Nguyen. A real time procedure for affinely dependent parametric model order reduction using
interpolation on Grassmann manifolds. International Journal for Numerical Methods in Engineering,
93(8):818-833, 2013. doi:10.1002/nme .4408.

B. O'Neill. Semi-Riemannian geometry - With applications to relativity, volume 103 of Pure and
Applied Mathematics. Academic Press, New York, 1983.

L. Qiu, Y. Zhang, and C.-K. Li. Unitarily Invariant Metrics on the Grassmann Space. SIAM Journal
on Matriz Analysis and Applications, 27(2):507-25, 2005. doi:10.1137/040607605.

I. U. Rahman, I. Drori, V. C. Stodden, D. L. Donoho, and P. Schroder. Multiscale representations
for manifold-valued data. SIAM Journal on Multiscale Modeling and Simulation, 4(4):1201-1232,
2005. doi:10.1137/050622729.

Q. Rentmeesters. Algorithms for data fitting on some common homogeneous spaces. PhD thesis,
Université Catholique de Louvain, Louvain, Belgium, 2013. URL: http://hdl.handle.net/2078.
1/132587.

Y. Saad. Numerical Methods for Large Figenvalue Problems. Algortihms and Architectures for
Advanced Scientific Computing. Manchester University Press, Manchester, UK, 1992.

T. Sakai. On cut loci of compact symmetric spaces. Hokkaido Math. J., 6(1):136-161, 1977. doi:
10.14492/hokmj/1381758555.

T. Sakai. Riemannian Geometry. Fields Institute Communications. American Mathematical Soc.,
1996. doi:10.1090/mmono/149.

A. Srivastava and X. Liu. Tools for application-driven linear dimension reduction. Neurocomputing,
67:136 — 160, 2005. Geometrical Methods in Neural Networks and Learning. doi:10.1016/j.
neucom.2004.11.036.

A. Srivastava and P. K. Turaga. Riemannian computing in computer vision. Springer International
Publishing, 2015. doi:10.1007/978-3-319-22957-7.

K. Usevich and I. Markovsky. Optimization on a Grassmann manifold with application to system
identification. Automatica, 50(6):1656 — 1662, 2014. doi:10.1016/j.automatica.2014.04.010.

S. F. Walter, L. Lehmann, and R. Lamour. On evaluating higher-order derivatives of the QR
decomposition of tall matrices with full column rank in forward and reverse mode algorithmic differ-
entiation. Optimization Methods and Software, 27(2):391-403, 2012. doi:10.1080/10556788.2011.
610454.

Y.-C. Wong. Differential geometry of Grassmann manifolds. Proceedings of the National Academy
of Sciences of the United States of America, 57:589-594, 1967. doi:10.1073/pnas.57.3.589.

34


http://dx.doi.org/10.1016/j.imavis.2011.08.002
http://dx.doi.org/10.1007/978-3-319-45026-1
http://dx.doi.org/10.1007/978-3-319-45026-1
http://dx.doi.org/10.1137/0613061
http://dx.doi.org/10.1002/nme.4408
http://dx.doi.org/10.1137/040607605
http://dx.doi.org/10.1137/050622729
http://hdl.handle.net/2078.1/132587
http://hdl.handle.net/2078.1/132587
http://dx.doi.org/10.14492/hokmj/1381758555
http://dx.doi.org/10.14492/hokmj/1381758555
http://dx.doi.org/10.1090/mmono/149
http://dx.doi.org/10.1016/j.neucom.2004.11.036
http://dx.doi.org/10.1016/j.neucom.2004.11.036
http://dx.doi.org/10.1007/978-3-319-22957-7
http://dx.doi.org/10.1016/j.automatica.2014.04.010
http://dx.doi.org/10.1080/10556788.2011.610454
http://dx.doi.org/10.1080/10556788.2011.610454
http://dx.doi.org/10.1073/pnas.57.3.589

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

Y.-C. Wong. Conjugate loci in Grassmann manifolds. Bull. Amer. Math. Soc., 74:240-245, 1968.
doi:10.1090/50002-9904-1968-11903-2.

Y .-C. Wong. Sectional curvatures of Grassmann manifolds. Proceedings of the National Academy of
Sciences of the United States of America, 60(1):75-79, 1968. doi:10.1073/pnas.60.1.75.

G. L. Wu and W. H. Chen. A matrix inequality and its geometric applications. Acta Math. Sinica,
31(3):348-355, 1988.

K. Ye and L.-H. Lim. Schubert varieties and distances between subspaces of different dimensions.
SIAM J. Matriz Anal. Appl., 37(3):1176-1197, 2016. doi:10.1137/15M1054201.

D. Zhang and L. Balzano. Global Convergence of a Grassmannian Gradient Descent Algorithm
for Subspace Estimation, pages 1460-1468. Proceedings of the 19th International Conference on
Artificial Intelligence and Statistics, AISTATS, Cadiz, Spain, May 2016.

R. Zimmermann. A locally parametrized reduced order model for the linear frequency domain
approach to time-accurate computational fluid dynamics. SIAM Journal on Scientific Computing,
36(3):B5087B537, 2014. doi:10.1137/130942462.

R. Zimmermann. Hermite interpolation and data processing errors on Riemannian matrix manifolds.
SIAM Journal on Scientific Computing, 2020. (accepted).

R. Zimmermann, B. Peherstorfer, and K. Willcox. Geometric subspace updates with applications
to online adaptive nonlinear model reduction. SIAM Journal on Matriz Analysis and Application,
39(1):234-261, 2018. doi:10.1137/17M1123286.

Ralf Zimmermann. Manifold interpolation and model reduction, 2019. arXiv:1902.06502.

35


http://dx.doi.org/10.1090/S0002-9904-1968-11903-2
http://dx.doi.org/10.1073/pnas.60.1.75
http://dx.doi.org/10.1137/15M1054201
http://dx.doi.org/10.1137/130942462
http://dx.doi.org/10.1137/17M1123286
http://arxiv.org/abs/1902.06502

	1 Introduction
	2 The Quotient Structure of the Grassmann Manifold
	2.1 The Manifold Structure of the Grassmannian
	2.2 Horizontal Lift to the Stiefel Manifold

	3 Riemannian Structure
	3.1 Riemannian Metric
	3.2 Riemannian Connection
	3.3 Gradient
	3.4 Exponential Map
	3.5 Differentiating the Grassmann Exponential
	3.6 Parallel Transport

	4 Symmetry and Curvature
	4.1 Symmetric Space Structure
	4.2 Sectional curvature

	5 Cut Locus and Riemannian Logarithm
	5.1 Cut Locus
	5.2 Riemannian Logarithm
	5.3 Numerical Performance of the Logarithm

	6 Local Parameterizations of the Grassmann Manifold
	7 Jacobi Fields and Conjugate Points
	7.1 Jacobi Fields
	7.2 Conjugate Locus

	8 Conclusion
	A Basics from Riemannian Geometry
	B Matrix Analysis Necessities

