Downloaded 09/01/22 to 185.187.239.246 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

SIAM J. MATRIX ANAL. APPL. (© 1992 Society for Industrial and Applied Mathematics
Vol. 13, No. 1, pp. 176-190, January 1992 014

LOSS AND RECAPTURE OF ORTHOGONALITY IN THE
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To our close friend and mentor Gene Golub, on his 60th birthday.
This is but one of the many topics on which Gene has generated so
much interest, and shed so much light.

Abstract. This paper arose from a fascinating observation, apparently by Charles Sheffield, and
relayed to us by Gene Golub, that the QR factorization of an m X n matrix A via the modified Gram-
Schmidt algorithm (MGS) is numerically equivalent to that arising from Householder transformations
applied to the matrix A augmented by an n by n zero matrix. This is explained in a clear and simple
way, and then combined with a well-known rounding error result to show that the upper triangular
matrix R from MGS is about as accurate as R from other QR factorizations. The special structure of
the product of the Householder transformations is derived, and then used to explain and bound the
loss of orthogonality in MGS. Finally this numerical equivalence is used to show how orthogonality
in MGS can be regained in general. This is illustrated by deriving a numerically stable algorithm
based on MGS for a class of problems which includes solution of nonsingular linear systems, a
minimum 2-norm solution of underdetermined linear systems, and linear least squares problems. A
brief discussion on the relative merits of such algorithms is included.
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1. Introduction. We consider a matrix A € R™*" with rank n < m. The

modified Gram-Schmidt algorithm (MGS) in theory produces @; and R in the QR
factorization

(1.1) A=Q(§>=Q13, R=(Q1 Q2)

where @) is orthogonal and R upper triangular. In practice, if the condition number
k = k(A) = 01/0, is large (o1 > -+ > o, being the singular values of A), then
the columns of @, are not accurately orthogonal [3]. If orthogonality is crucial, then
usually either rotations or Householder transformations have been used to compute
the QR factorization. Here we show how MGS can be used just as stably for many
problems requiring this orthogonality.

We derive some important properties of MGS in the presence of rounding errors.
In particular, we show that the R obtained from MGS is numerically as good as that
obtained from rotations or Householder transformations. We present new insights
on the loss of orthogonality in @; from MGS, and show how this can be effectively
regained in computations that use @, without altering the MGS algorithm or re-
orthogonalizing the columns of ;. As a practical example of this, we indicate how
@1 and R from MGS may be used to solve an important class of problems reliably,
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despite the loss of orthogonality in ;. This new approach seems applicable to most
problems for which MGS is in theory relevant.

The class of problems we consider is that of solving the symmetric indefinite linear
system involving A € R™*" with rank n

(b )()-()

In general we call (1.2) the augmented system formulation (ASF) of the following two
problems, since it represents the conditions for their solution:

(1.3) min ||b — z||2, ATz =,
T

(1.4) min{||b — Ayll3 + 2cTy}.

We examine these problems more fully in [5]. The ASF can be obtained by differenti-
ating the Lagrangian ||b—z||2 + 2yT(ATz —c) of (1.3), and equating to zero. Here y is
the vector of Lagrange multipliers. The ASF can also be obtained by differentiating
(1.4) to give AT (b — Ay) = c, and setting z to be the “residual” z = b — Ay.

The ASF covers two important special cases. Setting b = 0in (1.3), and so in (1.2),
gives the problem of finding the minimum 2-norm solution of a linear underdetermined
system (LUS). Setting ¢ = 0 in (1.4) gives the much used linear least squares (LLS)
problem. The ASF also occurs in its full form (1.2) in the iterative refinement of least
squares solutions [2].

Using the QR factorization (1.1), we can transform (1.2) into

(0 B () (o)

This gives one method for solving (1.2):
(1.5) z=RTe, (?) =QTy, =z=@Q (;) ,  y=R(d-2).

Using z = Q12 + Q2f = Q12 + Q2Q%b = Q12 + (I — Q:QT)b, we obtain an obvious
variant:

(16) z=RTe, d=QFp, 2x=b-Qi(d-2), y=Rd-2).

Bjorck [2] showed that (1.5) is backward stable for (1.2) using the Householder QR
factorization. Since (1.5) uses @, (1.6) seems preferable if z is required and only @,
is available. However, as we shall see, it cannot generally be recommended when @,
is obtained by MGS. We will show how to develop more reliable algorithms based on
Q@ from MGS.

In §2 we illustrate the important but not widely appreciated result that MGS is
numerically equivalent to the Householder QR factorization applied to A augmented
with a block of zeros. From this we show in §3 that the computed R from MGS is
numerically as satisfactory as that obtained using Householder QR on A. The product

P of the Householder transformations from the QR factorization of (OA") is crucial
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for a full understanding of MGS. P has a simple and important structure, and this
is derived in the theorem in §4. This structure shows exactly how the computed Q;
from MGS can lose orthogonality. In §5 this structure is used to bound the loss of
orthogonality of Q;, while §6 shows how the lost orthogonality can be compensated
for just by using Q; differently without altering Q; or MGS. We illustrate this by
producing a new backward stable algorithm for (1.2) using the computed @; and R
from MGS. In §7 we consider when we might use MGS in preference to the Householder
QR factorization of A.

2. Modified Gram—Schmidt as a Householder method. The MGS algo-

rithm computes a sequence of matrices A = AW, A®) ... A+) = Q, € R™*",
where A®) = (g1, qp_ 1,a§c ), ~-,a§lk)). Here the first (k — 1) columns are final
columns in @, and a(k) ,a,(mk) have been made orthogonal to q1,--+,qx—1. In the

kth step we take

(2.1) =0, prk=llakllz, gk = gh/pr,
and orthogonalize agle, ,a,(, ) against g using the orthogonal projector I — qkq;f,
k+1 k
(2.2) §+) (I - qrq¥ )a; ® = ol — grpnj,
p‘—qTa(k) Jj=k+1,---,n

We see A*%) = A(k+1) By where Ry, has the same kth row as upper triangular R = (p;;),
but is the unit matrix otherwise. After n steps we have obtained the factorization

(2.3) A=AD = A®R, = A®R,R) = AR, ...R, = Q:R,

where in exact arithmetic the columns of (); are orthonormal by construction. Note
that in MGS, as opposed to the classical version, all the projections gxpx; are sub-

tracted from the o) sequentially as soon as gk is computed. In practice, a square
root free version is often used, where one computes Q}, R', and D = diag(~y1,--*,Vn)
in the scaled factorization, taking g, as above,

(24) A=Q)R, Q=(dt, ,db), 'Yk=(Q§c)T¢IL, k=1,---n,

with R' = (p};) unit upper triangular, and p}; (qk)T (k )/'yk, Jj>k.

It was reported in [4] that MGS for the QR factorlzatlon can be interpreted as
Householder’s method applied to the matrix A augmented with a square matriz of zero
elements on top. This is not only true in theory, but in the presence of rounding errors
as well. This observation is originally due to Charles Sheffield, and was communicated
to the authors by Gene Golub. Because it is such an important but unexpected result,
we will discuss this relationship in some detail. First we look at the theoretical result.

Let A € R™*™ have rank n, and let O, € R"*" be a zero matrix. Consider
the two QR factorizations (here we use Q for m x m and P for (m + n) x (m + n)

orthogonal matrices),
A=Q(§> =(Q: Q) (f})

e A=(%)=r(8)- (8 2)(0)
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Since A has rank n, then Py, is zero, P is an m X n matrix of orthonormal columns,
and A = QR = P R. If upper triangular R and R are both chosen to have positive
diagonal elements in ATA = RTR = RTR, then R = R by uniqueness, so Py; = Q)
can be found from any QR factorization of the augmented matrix. The last m columns
of P are then arbitrary up to an m x m orthogonal multiplier. The important result
is that the Householder QR factorization of the augmented matrix is numerically
equivalent to MGS applied to A.

To see this, remember that with eg the kth column of the unit matrix, the House-
holder transformation Pa = e1p uses P = I — 2vvT /||v||3, v = a — e1p, p = £|la|2. If
(2.5) is obtained using Householder transformations, then

(2.6) PT =P,.--PyPy, Py=1-2ix0T/||ox|2, k=1,---,n,

where the vectors 9 are described below. Now from MGS applied to AD) = A,
pi1 = llat”|l2 and o = ¢, = qip11, so for the first Householder transformation
applied to the augmented matrix

P 0

AWM ! alt
(1) — [ —e1p11 | _ — (&
Uy —( q{) ) P11v1, 1 ( a )

(since there can be no cancellation we take pgx, > 0). But ||v1]|2 = 2, giving

P =1- 2v1f1 /||v1||2 =1- 21}1'uri'1/||v1||2 =I- vl'ul ,

and
~(1) () T~(1) _ 0 —e1 T () _ [ €1P1j
i = el = (o) - ()t = (),
SO
P11 P12 Pin
0 0O --- 0
PAO=|
0 0 --- 0
0 agz) a,(zz)

where these values are clearly numerically the same as in the first step of MGS on
A. We see that the next Householder transformation produces the second row of R
and a(s) . aS{o’), just as in MGS. Carrying on this way we see that this Householder
QR is numerlcally equivalent to MGS applied to A, and that every Py is effectively

defined by @1, since

(27) Pk=I—'l)kU,{, vk:(—;lik>’ k:l,...,n.

P gives us a key to understandmg the numerical behavior of MGS First note

that in theory vIv; = ele; +qTq; = 0if i # j, so PP; =1 — - vj ;’1, and
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Pl =P,---P=1-vof —vpvf —--- — 0T

transformations in (2.5),

is symmetric, so using Householder

Py =0,
P11;=P21=q16{+"‘+Qne£=Ql’

This shows that such special orthogonal matrices are fully defined by their (1,2)
blocks,

_ [ On QT
(28) P—( 1 I—QIIQ{ )

3. Accuracy of R from modified Gram—Schmidt. A rounding error analysis
of MGS was given in [3]. There it was shown that the computed Q; and R satisfy

A+ E = Q:R, |E|l2 < 1ul|All2,
(3.1) I = QT Q1ll2 < earus,

where ¢; are constants depending on m,n and the details of the arithmetic, and u
is the unit roundoff. Hence QR accurately represents A and the departure from
orthogonality can be bounded in terms of the condition number & = 01 /0,

From the numerical equivalence shown in the previous section, it follows that
the backward error analysis for the Householder QR factorization of the augmented
matrix in (2.5) can also be applied to the MGS on A. Here we will do this, and in
this section and §5 we will rederive (3.1) as well as give some new results. This is a
simple and unified approach, in that the one analysis of orthogonal transformations
can be used to analyse the QR factorization via both Householder transformations
and MGS. It also deepens our understanding of the MGS algorithm and its possible
uses.

Let Q; = (@1, *-,dn) be the matrix of vectors computed by MGS, and for k =
1,---,n define

62 w=(7). R=I-wif, P=PR-P,

ax = @/l axll2, T = (}i’“), Po=1-iif, P=PP-- P,

Then P, is the computed version of the Householder matrix applied in the kth step
of the Householder QR factorization of (OA" ), and Py is its orthonormal equivalent,

so that 13,:;" P, = I. Wilkinson [11, pp. 153-162] has given a general error analysis of
orthogonal transformations of this type. From this it follows that for R computed by
MGS, the equivalent of (2.5) is

E, ' R D D '
<A+E2)—P(0)’ P=P+F,

(3.3) IEillz < ciullAll2, i=1,2, ||E'||l2 < csu,

where again c¢; are constants depending on m,n and the details of the arithmetic.
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To show that this R from MGS, or the Householder QR factorization of the aug-
mented matrix, is numerically about as good as that from the ordinary Householder
QR factorization of A, we use the following general result.

LEMMA 3.1. For any matrices satisfying

E P,
(A+1E2)=(P;)R’ P1’11P11+P211P21=I,
there exist Ql and E such that

A+E=Q1R’ QA’{QA1=Ia

(3.4) Q1 — Pall2 < ||Pull2,
(3.5) (@1 — Pa1)R||2 < || Puall2l| Exll2,
(3.6) IEllz < [|Prill2llExll2 + || B2llz < | Eall2 + (| E2l2-

Proof. Consider the CS decomposition (see, for example, [7, p. 77]) P11 =
UiCWT, Py = ViSWT,| where U = (Uy,Us), V = (V1,V2) are square orthonor-
mal matrices and C and S are nonnegative diagonal matrices with C2 + S% = I.
Define Ql = ViWT, the closest orthonormal matrix to P,; in any unitarily invariant
norm; then since (I + S)(I — S) = C?,

Q1— Py =Vi(I - SYWT =vi(I + S)"*‘wTwcuTu,cw?T
=WVi(I+S)'WTP Py,
(Q1— Pn)R=Vi(I+S)*WTPLE;,

from which the first two bounds follow. Next,
E=Q1R—A=(Q1— Py)R+ Es,

from which the third bound follows. o _
Using these results we see when R is computed using MGS, so R satisfies (3.3),
there exists orthonormal ()1 such that, writing ¢ = ¢; + ca,

(3.7) A+E =0Q:R, QTQ, =1, B2 < cullAll2.

This means if 5, > --- > &, are the singular values of R, and o, > - -- > 0, are those
of A,

(38) | 0 — 0 |< cuoy, i=1,---,m.

Thus R from MGS is not only the same as R from the Householder QR factorization
applied to A augmented by a square block of zeros, but (3.7) shows it is compara-
ble in accuracy to the upper triangular matrix from the Householder or Givens QR
factorization applied to A alone. Also (3.8) shows that the singular values of R are
very close to those of A. This means we could use MGS as a first step in finding the
singular values of A, and justifies an algorithm by Longley in [9, Chap. 9]. Since we
have not required A to be full rank as yet in this section, this fact also ensures that
R from MGS can be used in any computation for finding the rank of A. Here we will
just use this knowledge to simplify our bounds below.
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In fact, R is usually even better than (3.7) suggests. We see R is nonsingular if
cuoy < oy, that is, if cuk < 1, so we make the following assumption and definition,

(3.9) cuk <1, n=(1-cux)?,

where usually n ~ 1. Then

(3.10) Al R |2 = 01/ < 01/(0n — cuoy) = 1k,

and E; = P11R SO

(3.11) 1Pullz = |EAR™ 2 < cruns,  [|Prll2 < (eink + ca)u.
From (3.6),

(3.12) IEll2 < I1PulizlBllz + 1 B2ll2 < ulnsl|Allz + || Eella,

showing that the first term on the right will be negligible if nc;ux < 1, which is
usually true. _

We will show how all of P and P depend crucially on P;; and Py1, respectively, so
the bounds in (3.11) are important in understanding the loss of orthogonality in MGS.
Since R is numerically about as good as we can hope for, it is clear that the main
drawback of MGS is this lack of orthogonality in Q; = (1,-*-,qs), SO We examine
this in the next two sections. (As is mentioned in §7, another less important drawback
is that the operation count is slightly higher for MGS than for the Householder QR
factorization.)

4. Structure of P, P, and P from the Householder QR factorization of
the augmented matrix. It is well known that the orthogonality of the ideal Q) is
lost in MGS because of cancellation in the subtractions in (2.2), and that this can
give a severely nonorthogonal computed Q;. In order to understand this loss fully
and later to bound it, the following theorem provides the detailed structures of P and
P in (3.2) as functions of the computed Q; and the normalized Q1 = (G, -,dn),
respectively. Note that the theorem is for general Q1 = (g1, -, qx), and so will apply
to P, P and P. The idea is that any matrix P = PPy P, with P, = I — vkvg
and vk = (—ek,qk) has a very special structure, and the theorem reveals this. In
this structure the whole matrix is seen to depend only on the leading n x n block
Py; of P, and on Q;. But we have bounds on our P;; and Py; in (3. 11) and so will
be able to understand and bound the loss of orthogonality in Q: or Q, from MGS.
Furthermore, all such P;; have special structure too, being strictly upper triangular.

THEOREM 4.1. Let Q1 = (q1,-+,qn) € R™*", and for k =1,---,n, define

My=1- qkqg, Vg = (_qik> (S Rm+", P,=1- vkv;‘:.

Then with the partitioning we use throughout this theorem

n m
(41) P=PP---P,= (Pu P12)

22
0 qigs ¢TMags -+ ¢ MoMsz - My_1qy | ¢F MoMs3--- M,
0 0 9% gs oo qEM3My--Mp_1qy | g2 MsMy--- M,
1o o 0 a%_14n ¢X_ M,
0 0 0 .- 0 qf
@1 Miga MiM2qz --- MiMs---My_1q, MiM;--- M,
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_ P, | (I-Py)QT
(42) = ( Q:(I - Pu) | I—Q:(I— Pp)QT )

P is orthonormal if and only if ||gklla = 1 for k = 1,---,n; P11 = 0 if and only if
QTQ, is diagonal.

There is a short proof that does not give (4.1), but since (4.1) reveals the detailed
structure of P, we give a longer proof. Note that if ¢ has length 1, then My is a
projector, and from (4.1) the second column of Py; is that part of g2 orthogonal to
q1; the third is g3 orthogonalized against g2 and the result orthogonalized against ¢,
and so on. However, this is not the same as reorthogonalizing the gj.

Proof. To determine the first n columns of P = P, P - - - P,, note that

—e I —egel | exqt
it () 100 ()

and let 1 < j < n. If j # k then Pye; = e;, while

0
Pjej = (Im) qj,

SO
T
Pej =PP,.- -Pnej =P P - Pjej =PP--- Pj_z ( 8‘7_1? 1_1 ) q;
M~
T T
=P PP [ G191 +ej-2g;_oMj—1 ) )
e ( M, M;— o
T
9 My~ Mj_1g; \ T
g3 M- Mj_1q; wz;. \
o
9j-2M;j-14; P . Tj-2,5
43) = 95195 = (‘pﬁ—) e = (—%ﬁ—) =| mi-15 |
0 Tj5
6 \ an' /
MM, -~ M;_1q; / P2

say, which gives the (1,1) and (2,1) blocks of (4.1). For the last m columns we have

P\ _ L0 _ _eny
(Pzz)_P(Im )_PIPZH.P"_I( M,

qug - M,
‘12TM3 - M,
T T .
(4.4) = PPy Pay ( entn + en=10n Mn ) = 1 :
Mn—an qn_an
T
an
MM,

which completes the proof of (4.1). Next, from (4.3),

Pyej = (I — qugi )MaMs--- Mj_1q;



Downloaded 09/01/22 to 185.187.239.246 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

184 AKE BJORCK AND CHRIS PAIGE

= MMz Mj_1q; — 1715
= M3My--- M]—qu Q171 — g2T2;
j—145 — Q1715 — q2725 — *** — qj—2Tj-2,5
=4q; —q1T15 — Q2725 — =+ ° —Qj—-1Tj—1,5
= Q16 — Q1 Pr1ej,

80 Py; = Q1(I — P13), giving the (2,1) block of (4.2). Next, from (4.4),

el Pia = ¢ Mty M1 M,
= QiTMi+1 My - Q,TMi+1 : "Mn—IQn‘I};
=g Mi41+ My_1 — Tingl
=q] Miy1++ Mp_g — Tin—102_1 — TingZ
=g Miy1 — miji20fis — + — Tindy
= qiT - Wi,i-;—lqzn e Wian
=ef Q7 — e PuQy,

so Pig = (I — P11)Q7, giving the (1,2) block of (4.2). We can now use the structure
of Py in (4.1) to give

Py = MiM>--- M,
= MMy My — MiMy - - My_1ng;,
= MM, Mn_1 — Paiengl
= MMy Myu_5 — Prien_1qs_, — Priengy
=1 - q1¢F — Priesaqd — Poiesql — -+ — Puengt
=1— Py(e1q] +e2q3 + -+ enqy)
=1-PnQl =1-Q:(I-Py)QT,

completing the proof of (4.2).

Clearly Py is orthonormal if qk gk =1, s0if ||gklla = 1 for £ = 1,---,n, then P
is orthonormal. Now suppose P is orthonormal then Pe; = Pie; = (0,47)7 must
have length 1, so |lgall]z = 1 and P, and so P2Ps--- P, is orthonormal. But then
PyP;--- Pes = Pres = (0,43)T must have length 1, and so on. Finally we see from
(4.1) that the ith row of Py, is zero if and only if qz gj =0forj =i+1,---,n, proving
Pyi; =0 if and only if QT Q, is diagonal. O

Since each of P (see (2.6) and (2.7)), P and P (see (3.2)) has the structure of P,
in the theorem, P has the form (2.8), and

N P (I-Pu)QT
(4.5) P= (QI(I HPH) I-O:W(I 11P111)Q1 )

for some strictly upper triangular Pu, with P having a similar form. This shows
how Q; loses orthogonality when Py, is nonzero. Clearly, P and P are orthogonal
matrices, so their first n columns form orthonormal sets. Since P;; is zero, @ is
clearly an m x n matrix of orthonormal columns, but all we can say about the size
of Py is ||P11||2 < ciunk, from (3.11). If  is not very much greater than 1, then
Py; is small, and from (4.5), Ql has nearly orthonormal columns. For larger «,
(4.5) shows how the columns of Q; can become less and less orthogonal, losing all



Downloaded 09/01/22 to 185.187.239.246 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

LOSS AND RECAPTURE OF ORTHOGONALITY 185

likelihood of orthogonality when ciunk ~ 1. Clearly column pivoting would be useful
in maintaining orthogonality as long as possible, and in revealing the rank of rank
deficient A. Since Q; is just Q, with normalized columns, the same comments on
orthogonality apply to Q;. We will bound these losses of orthogonality in the next
section, and show how to avoid them after that.

5. Loss of orthogonality in Q; and Q. from MGS. Each column of Q; is
just the correctly normalized column of the computed Q; from MGS, whose columns
already have norm almost 1, so what we prove for Q; effectively holds for Q1. We
saw from Theorem 4.1 that the first n columns P(™ of P are orthonormal and

P — ( _ Py ) (Pu) I, PWTpm
Q1 — Q1P Py

so an easy result is obtained by applying Lemma 3.1 with R=1, A = Q1, E, = Py,
and Ez = —Q1P11, showing that there exist Ql and F such that Q1 + FE = Q1 with

IEll2 = 1Q1 — Qill2 < (IPuallz + 1Q1ll2) | Prall2-

But then ||Q1]l2 < 1+ || E|)2, giving

IEll2 < 1Puall2(1 4 |Pull2) /(X = [|Prall2),

and a bound on the distance of Q; from an orthogonal matrix when c;unk < 1,

14+ cunk

5.1 21— Qull2 <
(5.1) Q1 — Q1ll2 S ey

which for c;unk < 1 is effectively c;unk.

In order to bound the departure of QTQl from the unit matrix, we could use
(5.1) directly, but a more revealing result follows by noting in (3.3) that E; = PR
is strictly upper triangular, since P;; is so from Theorem 4.1. Thus

somp_(  Pu_ \p_(. B )
PR (QNI:HQ)R (QAR—EQ'
so that
(R-E)TQTQ:(R- E1) = R"R- E{ E;
=(R-E)T(R-E)) +(R-E1)TE, + ET(R - E)).

Since R is nonsingular upper triangular, and E, is strictly upper triangular, R — E;
is nonsingular upper triangular, and

(5.2) QTQ1=I1+E(R-E) '+ (R-E)TET,

with Ey(R — E1)™! the strictly upper triangular part of Q7 Q. This gives a clear
picture of exactly how the loss of orthogonality depends on the computed R. Thus
from (3.3) and (3.8)—(3.10), if (¢ + ¢1)uk < 1, we obtain the bound

2c1uK
1-(c+ci)us’

(5.3) IT— QT Qull2 <
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and a loss of orthogonality of this magnitude can often be observed in practice.

The bound (5.3) is of similar form to the bound (3.1) given in [3], but here we also
derived the relation of Q; to the orthonormal matrix P, and described the relation
between the loss of orthogonality in Q; and the deviation of P from the ideal form
of P. We also note here that if the first £ columns of A in (3.3) have a small &, then
the first k£ columns of P;; will be small, and the first k£ columns of ); will be nearly
orthonormal.

Our main purpose is not to show how Ql or (; may be improved. Instead, the
key point of this work is that although the computed P is very close to the exactly
orthogonal P in (3.3), the columns of @, need not be particularly orthonormal. Our
thesis here is that as a result of this, it is usually inadvisable to use Q; as our set of
orthonormal vectors, but we can use P (as the theoretical product of the computed
P, =1 —'Bkﬁ,q;, which is extremely close to 13), to make use of the desired orthogonality,
since we have all the necessary information in Q1, that is, 9] = (—ef,gF). Thus we
can solve problems as accurately using MGS as we can using Householder or Givens
QR factorizations if, instead of using the computed Q; directly, we formulate the
problems in terms of (2.5) (see (3.3)) and use the g to define P. Of course, in most
cases no block of P need actually be formed. We illustrate an important use of this
idea in the next section, and discuss the efficiency of such an approach in §7.

6. Backward stable solution of the ASF using MGS. Bjorck [2] showed
that (1.5) is backward stable for the ASF (1.2) using the Householder QR factoriza-
tion, but the same is not true when we use (1.6) with R and Q1 computed by MGS;
see [5]. Here we use our new knowledge of MGS to produce a backward stable algo-
rithm for the ASF based on Q; and R from MGS. This new approach can be used to
design good algorithms using MGS in general.

Our original ASF (1.2) is equivalent to the augmented system

I 0 0 w 0
6.1 (0 7 A) () - (b)
0 AT 0 y c

so applying Householder transformations as in (2.5) gives the augmented version of
the method (1.5) as

62) »=R"Te (z)=PT<2), (fg’):P(z) y=RYd-2).

But as we saw in §2, we can use the ¢; from MGS to produce P, = I — vkvf,
vE = (—eF,qF),and use PT = P, --- P, P; in (6.2). We show in [5] that this algorithm
is strongly stable (see [6]) for (6.1), and also strongly stable for (1.2).

We now show how to take advantage of the structure of the Py; then we will
summarize this numerically stable use of MGS for the ASF. To compute d and b in
(6.2) note that PT = P, --- P;, and define

d 0 dE+D)\ 0\ _ dk)
(h‘”) (b> <h<k+l> =P By ) = P )

Now using induction we see d*) has all but its first k¥ — 1 elements zero, and

dk+1) _ dk) [ —ex ( T ) d® dk) ek(q"l;h(k))
hE+1) h(k) aw k h®) h®) — gi(gi h®) )2
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giving the computation starting with h(1) := b,
for k=1,---,n do{é := ¢f h®; p*+D) .= (B _ 6,3,

so h = R+ d = d(»+D = (§;,...,6,)T. This costs 2mn flops (1 flop = one
multiplication and one addition in floating point arithmetic), compared with the mn
flops required to form d = QTb in (1.6). The computation for d and h is exactly the
same as the one that would arise if the n MGS steps in (2.1)—(2.3) had been applied
to (A,b) instead of just A, so that h is theoretically the component of b orthogonal
to the columns of A. Note that now d has elements g} h*) instead of g} b, as would
be the case in (1.6).
To compute z in (6.2), define

w(n) _ VA w(k_l) _ VA _ w(k)
<x(n) =\n) gh-1) ) =P Pul{p ) =Pel| ) )
(k—1) (k) _
(50) = (48) - (3) (o).

which shows that in this step only the kth element of w(*) is changed from ¢y = e} 2
to wy = qkT:n(k). This gives the computation starting with z(® := h = p(*+1),

so that

for k=mn,---,1 do{wy := g a®; z* Y :=2® — g (wp — )},

soz =z©, w=(wy, ,w,)T. This costs 2mn flops compared with mn flops for
z="b—Qi1(d— 2) in (1.6). From (2.8) we see in theory (6.2) gives z = Q12 + Q2Q% h
where h = Q2Q¥b, so x = h + Q2. Note that w = (w1, +,wy)T is ideally zero (see
(6.1)), but can be significant when x(A) is large. The computation of = here can be
seen to reorthogonalize each x(¥) against the corresponding g before adding on gx(
to give z(*~1). The complete algorithm is then as follows.

ALGORITHM 6.1. Backward Stable Algorithm for the ASF based on MGS.

1. Carry out MGS on A to give @1 = (¢1,--*,¢5) and R;
2. Solve RTz = c for z = (1, -+, ()T

3. for k=1,---,n do{by :=q}b; b:=b— qxbi};

4. for k=mn,---,1 do{wi :=qlb; b:=b—qx(wk — C)}; T:=0b;
5. Solve Ry = d — z for y, where d = (61,---,6,)T.

A weakness in some other MGS-based algorithms is that the reorthogonalization
in step 4 is not done. This is the case for the two algorithms denoted (3.4) and (3.6)
in [1]. The first is equivalent to (1.6) and the second is the Huang algorithm [8] which,
instead of steps 3 and 4, does (using our notation)

for k=1,---,n do{6k:=qib; b:=b—q(dr —Ck)}; x:=0.

The following implementation issues and specializations of the algorithm are fairly
obvious. Steps 1, 2, and 3 can be combined, and there is a lot of parallelism inherent
in these. When these are complete, steps 4 and 5 can be carried out independently.
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For (1.3), step 5 can be omitted if the vector of Lagrange multipliers y is not needed,
while for (1.4), step 4 can be omitted if the residual z is not needed.

If b = 0, corresponding to LUS, then d = 0 and step 3 will be omitted, as will
step 5 if the Lagrange multipliers are not needed. If ¢ = 0, corresponding to LLS,
then z = 0 and step 2 will be omitted, and as will step 4 if the LLS residual z is not
needed. Then the algorithm is equivalent to the following variant of MGS:

(63) o=@ (f 1), v-ra

where d is computed as part of MGS. This is the approach recommended for LLS in [3].
The work here is another way of proving the backward stability of this approach, and
adds insight into why it works. For LUS, however, the numerically stable algorithm
made of steps 1, 2, and 4 constitutes a new algorithm which is superior to the usual
approach that omits the wy in step 4.

If A is square and nonsingular, (1.3) becomes the solution of ATz = ¢, and z is
independent of b, so if y is not wanted, then b can be taken as zero in the algorithm,
and steps 3 and 5 dropped. Similarly, if A is square and nonsingular and ¢ = 0, then
(1.4) becomes Ay = b and steps 2 and 4 can be dropped. This gives two different
backward stable algorithms for solving nonsingular systems using MGS. Note that the
first algorithm applies MGS to the rows of the matrix (here AT) and is numerically
invariant under row scalings. The second algorithm applies MGS to the columns of
A, and is invariant under column scalings. Hence the first algorithm is to be preferred
if the matrix is badly row scaled, the second if A is badly column scaled.

A square root free version of Algorithm 6.1 is obtained if we instead use the
factorization (2.4) A = Q| R, where R’ is unit upper triangular.

ALGORITHM 6.2.

1. Carry out MGS on A to give Q) = (¢4, -+,¢,), R', and D = diag(y1,-*,Yn),
where ; = ||¢; |3

2. Solve (R')T Dz’ = ¢ for 2/ = (¢},-+-,¢L)T.

3. for k=1,---,n do{6} :=(g,)Tb/vk; b:=b—q,6};

4. for k=n,--+,1 do{w}, := (q})Tb/vk; b:=b— g (w — 1)} =1
5. Solve R'y = d' — 2’ for y, where d' = (67,---,6.,)F.

This section has not only shown how MGS can be used in a numerically stable
way to solve the very useful linear system (1.2), along with its many specializations,
but it has hopefully shown how MGS can be used more effectively in general.

7. Comparison of MGS and Householder factorizations. There are four
main approaches we need to compare:
(1) MGS on A producing computed R and Q;, and using these.
(2) MGS on A producing computed R and Q;, and using R and P, -, P,.
(3) Householder transformations on
On
(%)

producing R and Pj,---, P, and using these.
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(4) Householder transformations on A producing & and Py, - - -, P,, say, and using
these.
We call these approaches rather than algorithms, since each includes a reduction
algorithm, plus a choice of tools to use in problems that use the reduction. We only
consider the case of a single processor computer, and a dense matrix A.

Approaches (2) and (3) are numerically equivalent, but it is clearly more efficient
for computer storage to use approach (2) via (2.1) and (2.2) than to use (3), even
though we may think in terms of (3) to design algorithms which use the Py,---, P,
(these, of course, being “stored” as 1, -, d,).- Thus we would use the new approach
(2) rather than (3) computationally, while being aware of both their properties theo-
retically.

The most usual case is where we wish to use the orthogonality computationally,
but cannot rely on x(A) being small. Then the choice is between (2) and (4). For
the initial QR factorization MGS requires mn? flops compared to mn? — n®/3 for
Householder. MGS also needs n(n — 1)/2 more storage locations. Hence approach
(4) has an advantage with respect to both storage and operation count for the initial
factorization, although this is small when m > n.

If accurately orthogonal, @ or @; in (1.1) is required as an entity in itself; then
since such orthogonal matrices are not immediately produced by (2) when x(A) is
large, the obvious choice is (4), where @ (or Q1) is available as the product (or part
of it) of the Py. To produce Q; doubles the cost using (4). To produce an accurately
orthogonal ); with MGS in general, we apparently need to reorthogonalize. This also
approximately doubles the factorization cost, and again the operation count is higher
than for Householder.

For both approaches (2) and (4) we have shown backward stability in the usual
normwise sense. In agreement with this, both these approaches tend to give similar
accuracy, although experience shows that MGS has a small edge here, in particular if
the square root free version is used.

If the matrix A is not well row-scaled, then row interchanges may be needed in (4)
to give accurate solutions for problem LLS; see [10]. In this context it is interesting
to note that MGS is numerically invariant under row permutations of A as long as
inner products are unaltered by the order of accumulation of terms. That is, if Q;
and R are the computed factors for A, then IIQ; and R are the computed factors of
ITA. This shows that (2) is more stable than (4) without row interchanges. However,
if row interchanges are included in (4), this approach is more accurate for problems
where the row norms of A vary widely. In approach (2) a second-order error term
~ O((wu)?) appears, where w is the maximum ratio of row norms. This error term
can be eliminated by reorthogonalization, which, however, increases the cost of MGS.

We finally mention that sometimes R is used alone to solve our problems, and
then approaches (1) and (2) are identical. We will discuss this case in [5].
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